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Preface

The present work has as central idea different aspects of positive cur-
vature. The first Part contains results related to topological implication of
different types of positive curvature (flag, Ricci, kk-Ricci). In the first chapter
2 are studied connectedness problems in positively curved Finsler manifolds.
These chapter are mainly based on the papers sappro si geom phys

The chapter 3 present some compactedness criteria For submanifolds of
Finsler manifolds in the presence of some positive curvature conditions (k-
Ricci) and an intersection theorem. These chapter is based on the papers
etc, etc....

The chapter 4 deals with growth of the injectivity radius in the case of
parallel Ricci tensor. In this situation is proved an upper bound type relation
between Ricci curvature and injectivity radius.

The chapter 5 contains generalization of Weinstein fixed point theorem
to positively curved Finsler manifolds.

In the second Part is proved an Hardy-Brezis-Marcus type result for do-
mains in a Minkowski space (Rn, F ). The results are based on a deep study
of the distance function. It is proved that the distance function to the bound-
ary of a domain is superharmonic if the mean curvature (here the distance is
the Minkowski disrance and the mean curvature is induced by the Minkowski
norm). It is proved the Hardy-Brezis-Marcus inequality in this setting and
it also a method to obtain such kind of results are given. Finally the main
inequality is used to obtain an existence and unicity result for a singular
Poisson type equation.

In the last decades Finsler geometry produced remarkable development.

v
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Many papers and books on this topic have been published. Specially, a lot of
results from Riemannian geometry have been extended for Finsler manifolds.

Probably the first work in Finsler geometry was the PhD thesis of Paul
Finsler (1918). But more one half of a century before Riemann (in 1854)
pointed the difference between the case of what is known as Riemannian
geometry and the general case (see [Spi75] for an English translation). He
states in his address: "The study of the metric which is the fourth root of a
quartic differential form is quite time-consuming (zeitraubend) and does not
throw new light to the problem."

After Einstein’s formulation of general relativity, Riemannian geometry
became widely used and the Levi-Civita connection came to the forefront.
This connection is both torsion free and metric-compatible.

Though Finsler geometry was originated in calculus of variations, geomet-
rically a Finsler manifold means that at each tangent space a norm, varying
smoothly, is given, not necessarily induced by an inner product. In the first
half on the 20-th century the tools and techniques appropriate for treatment
of Finsler geometry were developed.

On a Finsler manifold there does not exist, in general, a linear metrical
connection. The generalizations of the Levi-Civita connection induced by a
Riemannian metric live just in the vertical bundle π∗TM or TTM , however,
there are several ones. The differences between these connections are in
the level of the metric compatibility and the torsion. The first of these
generalizations were proposed by J.L. Synge (1925), J.H. Taylor (1925), L.
Berwald (1928) [Ber28] and, most important, Elie Cartan(1934) [Car34] —
the last one is metric compatible, but has the largest number of non-vanishing
torsion tensors —; after a short time, S.S. Chern [Che43; Che48; Che96]
proposed a different generalization, which is identical with the connection
proposed later by Rund (see[Ana96])— it is not fully metric compatible but
it has less number of non-vanishing torsion tensors. These connections can be
used to prove many results from Riemannian geometry in Finslerian context
(see [AP94; BCS00]). Another useful connection in Finsler geometry is the
Berwald connection ([Ber28; BCS00; Mat86])— it has no torsion but it has
a great deviance from the compatibility with the metric. In [Aba96] and
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[MA94] one can find nice characterizations of these connections, illustrating
their similarities and differences.

The last decades have meant a great development of global Riemannian
geometry. It is an important project to try to generalize these to Finsler
settings. It is a remarkable fact that the Jacobi equation, the second varia-
tion formula and the index form for Finsler manifolds look exactly like their
counterparts in Riemannian case. These enable one to prove in Finslerian
context the Cartan-Hadamard theorem,the Bonnet-Myers theorem and the
Synge theorem [AP94; BCS00]. The Morse Index Theorem was also general-
ized to Finsler manifolds. That was due to Lehmann [Leh64]; see Matsumoto
for an exposition [Mat86]. On the other hand, in the Riemannian and semi-
Riemannian case, the Morse Index Theorem where the ends are submanifolds
is also proved by many authors (Ambrose [Amb57], Bolton [Bol77], Kalish
[Aku89], Piccione and Tausk [PT99]).

In this part it is extensively used the Morse Index Theorem and the
Morse Index Theorem for variable endpoints in the case of Finsler manifolds
(published in [Pet06]). We show that, despite the fact that the second fun-
damental form is not symmetric, the Morse Index Form is symmetric and
this fact is crucial in the proofs.

Like in Riemannian geometry the Finsler spaces of constant curvature
(constant flag curvature) constitute an important class of Finsler spaces.
Finsler spaces of constant negative curvature are studied by Akbar-Zadeh
[Akb88]. The structure of that kind of spaces is well clarified however Finsler
manifolds of positive curvature have not been completely understood yet. Re-
cently, results on Finsler spaces of positive (constant) curvature are obtained
by Shen (see [She96]) and by Bryant (see [Bry96]). The latter gave examples
of non-Riemannian Finsler structures with constant positive curvature on the
2-sphere.

Chapter 2 deals with connectedness problems in Finsler geometry. Here
the Morse Index Theorem and generally, Morse Theory, is extensively used.

The manifolds of positive sectional curvature are far to be understood,
even in Riemannian case. For the Finslerian counterpart, in the case of



viii Preface

Finsler manifolds of positive flag curvature there are few results.
The connectedness principles are well known in algebraic and Riemannian

geometry. Recently such kinds of principles are developed for the Riemann or
Kähler manifolds (see [FM05; FMR05]). In this work we present the gener-
alization to Finsler setting of connectedness principles in the case of positive
flag curvature, the case of positive k-Ricci curvature is also considered (
[Pet07], [Pet09]. Namely we develop a connectedness principle in the case of
positive k Ricci curvature for embedded submanifolds with large asymptotic
index.

In the Finslerian category the situation is much more complicated than
in the Riemannian context. The variation of the energy applied to a geodesic
with the ends on submanifolds gives rise naturally to a second fundamental
form (see [Pet06]). A submanifold is totally geodesic (that is geodesics of the
submanifold are also geodesics for the ambient manifold) is equivalent to the
statement that the second fundamental form vanishes holds only for Berwald
spaces, because the reference vector of the second fundamental form (which
appears in the connection coefficients) is not tangent to the submanifold.

We define the asymptotic index using the second fundamental form and
the results are proved using the asymptotic index. But the results concerning
totally geodesic submanifolds are true for Berwald spaces (in these spaces the
asymptotic index is equal to the dimension of submanifold iff the submanifold
is totally geodesic).

In the Riemannian case results of this type are obtained in terms of
asymptotic index, totally geodesic submanifolds or extrinsic curvature of a
submanifold (see [CK52; FM05; Flo94] in the last notion). In this work, us-
ing Morse theory in the Finslerian, the results involving asymptotic index are
proved in the Finsler spaces, the results concerning totally geodesic submani-
folds are proved in the Berwald-Finsler category and the results involving the
extrinsic curvature are not treated because even in Berwald spaces, where the
reference vector is irrelevant for the connection coefficients, and further for
the curvature tensor, the inner products which appear in the flag curvature
have a dependence of the reference vector.

The classical Gauss-Bonnet Theorem opened a series of results that are
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extracting topological properties of a differentiable manifold from the various
properties of certain differential geometric invariants of that manifold. The
basic topics in this framework consist of the Hopf-Rinow Theorem, the theory
of Jacobi fields and the relationship between geodesics and curvature, the
Theorems of Hadamard, Myers, Synge, the Rauch Comparison Theorem,
the Morse Index Theorem and others. In the Finslerian setting the most
recent account of results of this type is due to D. Bao, S.S. Chern and Z.
Shen in [BCS00], Ch. 6-9. For a weakened version of the Myers theorem we
refer to [Ana07].

In Chapter 3 are presented various results concerning various curvature
integral conditions which implies the compactness of the ambient manifold
which generalize in many aspects the celebrated Myers Theorem. The last
results proves an intersection theorem.

The last chapter of this part Chapter 5 contains a fixed point theorem for
Finsler manifolds of positive flag curvature, generalizing a celebrated Wein-
stein result for Riemannian manifolds.

Chapter 4 deals with the growth of the injectivity radius in the case of
parallel Ricci tensor. We prove an estimate of the sup of Ricci scalr in the h
parallel hypothesis on the Ricci curvature. Also several nontrivial examples
are provided.

All the contents of the first chapter is devoted to various positive cur-
vature assumptions (flag, k-Ricci, Ricci) which are topics of great interest
(there are few results concerning positive curvature).

The second part contains a Hardy-Brezis-Marcus ineqaulity for Minkowski
spaces, involving the mean curvature of a domain. The proofs are based on a
deep study of the distance function and a result which proves the the super-
harmonicity of the Laplacian of the distance function in the distributional
sense. There is presented a technique to obtain classes of Hardy inequalities.

Finally the results are used to obtain an existence and unicity result for
a singular Laplace type proble.
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Chapter 1

Preliminaries

1.1 Fundamentals of real Finsler geometry

Let M be a real manifold M of dimension n, (TM, π,M) the tangent
bundle of M . The vertical bundle of the manifold M is the vector bun-
dle π : V → TM given by V = ker dπ ⊂ T (TM). (xi) will denote lo-
cal coordinates on an open subset U of M , and (xi, yi) the induced co-
ordinates on π−1(U) ⊂ TM . The radial vertical vector field ι is locally
given by ι(ua ∂

∂xa
) = ua ∂

∂ya
|u. It follows that local coordinates on M are

given by (x1, . . . , xn, u1, . . . , un) and a local frame for T (TM) is given by
{∂1, . . . , ∂n, ∂̇1, . . . , ∂̇n}.

We denote by o : M → TM the zero section of TM where (o(p) =
op ∈ TpM) is the origin of TpM , and we consider M̃ = TM \ 0(M), the slit
tangent bundle. M carries a natural projection π : M̃ → M , the restriction
of the canonical projection π : TM → M . The bundle TM̃ ⊂ T (TM) has a
natural projection π̃ : TM̃ → TM , the restriction of the natural projection
π̃ = dπ : T (TM)→ TM .

A coordinate patch (U1, ϕ1) in M generates a coordinate patch (Ũ1, ϕ̃1)
in TM and M̃ by setting Ũ1 = π−1(U1) and ϕ̃1(u) = dϕ1(u) , u ∈ ϕ(U1).

Let ϕ1 = (x1
1, . . . , x

n
1 ). Then {( ∂

∂xj1
)|p} is a basis of TpM for any p ∈ U1.

For u = ui1( ∂
∂xi1

),
ϕ̃1(u) = (x1

1, . . . x
n
1 , u

1
1, . . . , u

n
1 ).

1



2 1. Preliminaries

Let consider another coordinate patch (U2, ϕ2) around p. On U1∩U2 we have

dxi2 = ∂xi2
∂xj1

dxj1,
∂

∂xi2
= ∂xj2
∂xi1

∂

∂xj1
.

The projection dπ gives rise to the vertical bundle. Namely, the vertical
bundle of a manifold M is the vector bundle π̃ : V → TM , of rank m =
dimM given by

V = ker dπ ⊂ T (TM).

There exists a natural isomorphism between Tπ(u) and Vu given by

ιu = d(jπ(u)) ◦ ku : Tπ(u) → Vu,

where jp : TpM → TM is the inclusion and ku;TpM → Tu(TpM) is the usual
identification, for u ∈ TpM .

A horizontal bundle is a subbundle H of T (TM) such that

T (TM) = V ⊕H,

and a horizontal map is a bundle map Θ : V → T (TM) such that (dπ◦Θ)u =
ι−1
u . Horizontal bundles and horizontal maps are interesting only over M̃ (in
fact over the zero section we have the natural splitting Top(TM) = Vop⊕Hop).

A non-linear connection is a map D̃ : X(TM)→ X(T ∗M⊗TM) satisfying

D̃ξ′p − D̃ξp = ι−1
u (dξ′p − dξp)

and
D̃o = 0,

∀ξ′, ξ ∈ X(TM). D̃ξ is called the covariant differential of the vector field ξ ∈
X(TM) and D̃ξ(u) (denoted also by ∇̃uξ) is called the covariant derivative
of ξ is the direction u ∈ TpM .

LetH be a horizontal bundle. The direct sum decomposition TM̃ = H⊕V
implies the existence of a vertical projection k : TM̃ → V . We can further
define a non-linear connection D̃H on M by setting
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D̃H = ι−1
ξ(p) ◦ kξ(p) ◦ dξp

for any p ∈M and ξ ∈ X(TM).
Conversely let D̃ : X(TM)→ X(T ∗M⊗TM) be a non-linear connections.

Let u ∈ M̃p and ξ ∈ X(TM) such that ξ(p) = u. Define

ΘD̃
u : Vu → TuM̃

by

ΘD̃
u = dξp ◦ ι−1

u − ιu ◦ D̃ξp ◦ ι−1
u .

It can be verified that ΘD̃ is a horizontal map. Next, to a horizontal map Θ
we can associate an horizontal bundle HΘ by

HΘ
u = Θu(Vu).

In this way is defined a correspondence among horizontal bundles, hori-
zontal maps and non-linear connections.

Proposition 1.1. Let M be a manifold. The maps H 7→ d̃H , D̃ 7→
ΘD̃ and Θ 7→ HΘ define a one to one correspondence among horizontal
bundles, non-linear connections and horizontal maps.

A non-linear connection D̃ is positive homogeneous if

D̃(λξ) = λD̃ξ

for all λ ∈ R+ and ξ ∈ X(TM).
For λ ∈ R+ define

νλ : TM → TM by νλ(p;u) = (p;λu).

A horizontal bundle is called positive homogeneous if

Hνλ(u) = d(νλ)u(Hu)
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and a horizontal map is positive homogeneous if

d(νλ)u ◦Θu ◦ ιu = Θνλ(u) ◦ ινλ(u)

for all u ∈ TM and λ ∈ R+.

Proposition 1.2. Let M be a manifold. The correspondence defined in the
Proposition 1.1 preserves homogeneity.

Let D̃ be a non-linear connection on a manifold M , and ∇̃ its associated
covariant differentiation. Let ξ ∈ X(TM) , p ∈ M and set u = ξ(p). One
obtains

∇̃vξ(p) = vh[ ∂ξ
k

∂xh
+ Γ k

h (ξ(p))] ∂

∂xk
‖p,

where Γ k
h are the Christoffel symbols of the non-linear connection. The non-

linear connection is smooth if the Christoffel symbols are smooth on M̃ .
For the horizontal bundle induced by the non-linear connection one ob-

tains

δj|u = ∂j|u − Γ k
j (u)∂̇k|u

a local frame for H.
Horizontal bundles, horizontal maps and non-linear connections are lo-

cally identified by the coefficients Γ k
h .

A Finsler metric on M is a a function F : TM → R+ satisfying the
following properties:

1. F 2 is smooth on M̃ , where M̃ = TM \ {0},

2. F (u) > 0 for all u ∈ M̃ ,

3. F (λu) = λF (u) for all u ∈ TM , λ ∈ R+,

4. For any p ∈M the indicatrix Ix(p) = {u ∈ TpM |F (u) < 1} is strongly
convex.
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A manifold endowed with a Finsler metric F is called a Finsler manifold.
From the condition (4) it follows that the quantities gij(x, y) = 1

2
∂2F 2(x,y)
∂yi∂yj

means positive definite matrix, so a Riemannian metric 〈 , 〉 can be intro-
duced in the vertical bundle (V , π, TM).

We shall use the following notations:

G = F 2, G ;i = ∂G

∂xi
, Gi = ∂g

∂yi
, Gi;j = ∂2G

∂yj∂xi

The function F is homogeneous of order two,

G(x, λy) = λ2G(x, y), for x ∈M and y ∈ TxM

so by the Euler theorem we have

Gi(x, y)yi = 2G(x, y)

Gij(x, y)yj = Gi(x, y)

Gij(x, y)yiyj = 2G(x, y)

Gijky
k = 0

for all x ∈M, y ∈ TxM .
The following lemma justifies the first condition in the definition of the

Finsler metric (see [AP94]) :

Lemma 1.3. Let F : TM → R+ be a Finsler metric on a manifold M . Then
G = F 2 is smooth on TM if and only if F comes from a Riemannian metric
on M .

In this work we use the Cartan connection, following [AP94]. As men-
tioned before, the last condition in the definition of the Finsler metric induces
a Riemannian structure on the vertical bundle V by setting

〈V,W 〉v = 1
2GijV

iW j, ∀V,W ∈ Vv.
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The homogeneity property of F implies that

G ≡ 〈ι, ι〉,

that is, the Finsler metric is recovered by embedding M̃ by ι. The Rie-
mannian structure on ι induced in this way is called induced by the Finsler
metric.

Theorem 1.4. Let M be a real manifold, F : TM → R+ be a Finsler
metric on M , and 〈 , 〉 be the Riemannian metric on the vertical bundle
induced by the Finsler metric. There exists a unique vertical connection
D : X(V)→ X(T ∗M̃ ⊗ V) with the properties:

1. D is good;

2. X〈V,W 〉 = 〈∇XV,W 〉+ 〈V,∇XW 〉 for all X ∈ TM̃ and V,W ∈ X(V);

3. θ(V,W ) = 0 for all V,W ∈ V, is the torsion of the linear connection
on M̃ induced by D;

4. θ(H,K) ∈ V for all H,K ∈ H.

The connection stated in the theorem is just the Cartan connection. This
is a good vertical connection in V , i.e. a R-linear map

∇ : X(M̃)× X(V)→ X(V)

having the usual properties of a covariant derivations, metrical with respect
to g, and ’good’ in the sense that the bundle map Λ : TM̃ → V defined
by Λ(X) = ∇Xι is a bundle isomorphism when restricted to V . The latter
property induces the horizontal subspaces Hu = kerΛ for all u ∈ M̃ , which
is direct summand of the vertical subspaces Vu = Ker (dπ)u:

TM̃ = H⊕ V

Θ : V → H denotes the horizontal map associated to the horizontal bundle
H. For a tangent vector field X on M we have its vertical lift XV and its
horizontal lift XH to M̃ .
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Proof. As usual we assume that the connection exists, and we recover the
connection form ωji , showing its uniqueness.

The second property asserted in the theorem yields

Gijk = ∂̇i(Gjk) = 2∂̇i〈∂̇j, ∂̇k〉 = 2〈∇∂̇i
∂̇j, ∂̇k〉+ 2〈∂̇j,∇∂̇i

∂̇k〉

= 2〈ωrk(∂̇i)∂̇r, ∂̇j〉+ 2〈∂̇j, ωsk(∂̇i)∂̇s〉 = GrjΓ
r
ji +GkrΓ

r
ki

and the analogous formulas for Gkij and Gjki. The third property stated in
the theorem (torsion freeness) implies that

Γ r
ij = Γ r

ji ;

and this implies
Γ r
ij = 1

2G
rsGijs,

where, as usual, (Grs) denoted the inverse matrix of (Grs). From the last
formula and the Euler identities it follows that Γ r

ijy
j = 0.

By the second property stated in the theorem we obtain:

δi(Gjk) = 2δi〈∂̇j, ∂̇k〉 = 2〈∇δi ∂̇j, ∂̇k〉+ 2〈∂̇j,∇δi∂̇k〉

= GGskΓ
s
j;i +GjsΓ

s
k;i,

and the analogous formulas for δk(Gij) and δj(Gki), and one obtains that
Γ h
i;j = Γ h

j;i by the last property stated in the theorem, and we get

Γ h
i;j = 1

2G
hk[δj(Gki) + δi(Gkj)− δk(Gij)]

= γhij −
1
2G

hk[GilkΓ
k
j +GjlkΓ

k
i −GijkΓ

k
l ]

where we denote

γhij = 1
2G

hk[Gki;j +Gkj;i −Gij; k] = γhji



8 1. Preliminaries

The coefficients Γ k
i are still unknown, the next step is to determine them.

For this we compute

γhiju
j = 1

2G
hk[Gki;ju

j +Gk;i −Gi;k]

and

γhiju
iuj = Ghk[Gk;j −G ;k]

It follows the relation

Γ h
j = Γ h

i;ju
i = γhiju

i − Γ h
jkΓ

k
i u

i

and

Γ h
j u

j = γhiju
iuj = Γ hk[Γk;ju

j −G ;k]

and finally

Γ h
j = 1

2G
hk[Gkj;i +Gk;j −Gj;k]− Γ h

jkG
kl[Gl;iu

i −G ;l]

Hence, the coefficients Γ h
j are determined and that means that we know the

connections forms

ωab = Γ a
b;idx

i + Γ a
bcψ

c = Γ̃ a
b;idx

i + Γ a
bcdu

c

are the connection forms of a good vertical connection satisfying the condi-
tions in the theorem.

Using Θ first we get the radial horizontal vector field χ = Θ ◦ ι. Secondly
we can extend the covariant derivation ∇ of the vertical bundle to the whole
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tangent bunlde of M̃ . Denoting it with the same letter, for horizontal vector
fields H we have

∇XH = Θ(∇X(Θ−1(H))) ∀X ∈ X(M̃),

and then, an arbitrary vector field Y ∈ XM̃ is decomposed into vertical and
horizontal parts, so

∇XY = ∇XY
V +∇XY

H .

Thus ∇ : X(TM̃)× X(TM̃)→ X(TM̃) is a linear connection on M̃ induced
by a good vertical connection. Its torsion θ and curvature R are defined as
usual:

∇XY −∇YX = [X, Y ] + θ(X, Y ) ∀X, Y ∈ XTM̃

RZ(X, Y ) = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z ∀X, Y, Z ∈ XTM̃

and the torsion has the property that for horizontal vectors θ(X, Y ) is a
vertical vector [AP94]. The curvature operator Ω is a global T ∗M̃ ⊗ TM̃ -
valued 2-form. That means that Ω(X, Y ) is a global TM̃ -valued 1-form for
any X, Y ∈ TM̃ by the relation Ω(X, Y )Z = RZ(X, Y ) for any X, Y, Z ∈
X(TM̃), and Ω is well defined. Specially the sectional curvature of ∇ along
a curve σ is given as follows:

Rσ̇(UH , UH) = 〈Ω(σ̇H , UH)UH , σ̇H〉

for any U ∈ X(M). This is called the horizontal flag curvature in [AP94]. The
horizontal flag curvature is the most important contraction of the curvature
operator because it appears in the second variation formula.

We often use that the torsion of two horizontal vectors is a vertical one,
that is θ(X, Y ) ∈ V for all X, Y ∈ H [AP94].

The metrical property of the Cartan connection is also important [AP94]:

X〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉.
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In the following we shall present the first and second variation of the
length, as in [AP94].

Definition 1.5. A regular curve σ : [a, b]→M is a C1 curve such that

∀t ∈ [a, b] σ̇(t) = dσt(
d

dt
) 6= 0.

The length with respect to the Finsler metric F : TM → R+, of the
regular curve σ is given by

L(σ) =
∫ b

a
F (σ̇(t))dt

A geodesic for the Finsler metric F is a curve which is a critical point of the
energy functional. We present now the one parameter variation of a curve:

Definition 1.6. Let σ0 : [a, b] → M be a curve with F (σ̇0) = c0. A regular
variation of σ0 is a C1-map

Σ : (−ε, ε)× [a, b]→M

such that

1. σ0(t) = Σ(0, t), ∀t ∈ [a, b]

2. ∀s ∈ (−ε, ε) the curve σs(t) = Σ(s, t) is a regular curve in M ;

3. F (σ̇s) = cs > 0,∀s ∈ (−ε, ε).

A regular variation Σ is fixed if it moreover satisfies

4. σs(a) = σ0(a) and σs(b) = σ0(b) for all s ∈ (−ε, ε).

For a regular variation Σ of σ0 we define the function lΣ : (−ε, ε) → R+

by
lΣ(s) = L(σs).

Definition 1.7. A regular curve σ0 is a geodesic for F iff

dlΣ
ds

(0) = 0
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for all fixed regular variations Σ of σ0.

In [AP94] there is derived the first and the second variation of the length
functional. It is also derived the differential equation of geodesics and it is
shown that every geodesic for F is also a geodesic for the Cartan connection,
and conversely, the geodesics of the Cartan connection are geodesics of the
Finsler metric.

It is used there the pulled-back of the Cartan connection along a curve.
The pulled-back bundle does not live on TM , but on TM̃ . Anyway the
construction is not very complicated and it is clear. We briefly present it
here.

Let Σ : (−ε, ε)× [a, b]→M be a regular variation of a curve σ0 : [a, b]→
M . Let

p : Σ∗(TM)→ (−ε, ε)× [a, b]

be the pull back bundle, and γ : Σ∗(TM) → TM be the fiber map which
identifies each Σ∗(TM)(s,t) with TΣ(s,t)M for all (s, t) ∈ (−ε, ε) × [a, b]. A
local frame for Σ∗(TM) is given by the local fields

∂

∂xi
|
(s,t)

= γ−1( ∂

∂xi
|
Σ(s,t)

)

for i = 1, . . . n. An element ξ ∈ X(Σ∗(TM)) can be written locally by

ξ(s, t) = ui(s, t) ∂

∂xi
|
(s,t)

,

and a local frame on T (Σ∗(TM)) is given by ∂s, ∂t, ∂̇i, where ∂s = ∂
∂s
, ∂t = ∂

∂t

and ∂̇i = ∂
∂ui

.
There are two particularly important sections of Σ∗(TM):

T = γ−1(dΣ ( ∂
∂t

)) = ∂Σi

∂t

∂

∂xi

and

U = γ−1(dΣ ( ∂
∂s

)) = ∂Σi

∂s

∂

∂xi

Definition 1.8. The section U is the transversal vector of Σ.
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By setting Σ∗M̃ = γ−1(M̃), we have that T ∈ X(Σ∗M̃) and T (s, t) =
γ−1(σ̇s(t)).

We may pull-back TM̃ over Σ∗M̃ by using γ, obtaining the map γ̃ :
γ∗(TM̃) → TM̃ which identifies, for any u ∈ Σ∗M̃(s,t) = γ−1(M̃Σ(s,t)),
γ∗(tM̃)u with Tγ(u)M̃ .

We shall enounce now the first and the second variation of the length for
Finsler metric.

Theorem 1.9 ([AP94]). Let F : TM −→ R+be a Finsler metric on a mani-
fold M . Take a regular curve σ0 : [a, b] −→M , with F (σ̇0) ≡ c0 ≥ 0, and let
Σ : (−ε, ε)× [a, b]→M be a regular variation of σ0. Then

dlΣ
ds

(0) = 1
c0
{〈UH , TH〉σ̇0 |ba −

∫ b

a
〈UH ,∇THT

H〉σ̇0dt}.

In paricular if the variation is fixed we have

dlΣ
ds

(0) = − 1
c0

∫ b

a
〈UH ,∇THT

H〉σ̇0dt.

The equation of geodesics is obtained as a corollary:

Corollary 1.10. Let F : TM −→ R+be a Finsler metric on a manifold
M and σ0 : [a, b] −→ M a regular curve. Then σ is a geodesic for F iff
∇THT

H ≡ 0 where TH(u) = χu(σ̇(t)) ∈ Hu for all u ∈ M̃σ(t).

Now it follows the second variation of arc-length.

Theorem 1.11 ([AP94]). Let F : TM −→ R+ be a Finsler metric on a
manifold M . Take a geodesic σ0 : [a, b] −→ M , with F (σ̇0) ≡ 1, and let
Σ : (−ε, ε)× [a, b]→M be a regular variation of σ0. Then

d2lΣ
ds2 (0) = 〈∇UHU

H , TH〉σ̇0|ba

+
∫ b

a
[‖∇THU

H‖2
σ̇0 − 〈Ω(TH , Uh), TH〉σ̇0

−| ∂
∂t
〈UH , TH〉σ̇0|2]dt
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where ‖H‖2
u = 〈H,H〉u for all u ∈ M̃ and H ∈ Hu. In particular, if the

variation Σ is fixed we have

d2lΣ
ds2 (0) =

∫ b

a
[‖∇THU

H‖2
σ̇0 − 〈Ω(TH , Uh), TH〉σ̇0

−| ∂
∂t
〈UH , TH〉σ̇0|2]dt
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Chapter 2

Connectedness principles in
positively curved
Finsler manifolds

2.1 Introduction

The connectedness principle are well known in algebraic and Riemannian
geometry. Recently such kinds of principles are developed in the Riemann
or Kähler manifolds (see [FM05; FMR05]). [Pet02]. In this chapter we
develop connectedness principles in the case of positive flag k-Ricci curvature
[Pet07],[Pet09]. Namely we develop a connectedness principle in the case of
positive k Ricci curvature for embedded submanifolds with large asymptotic
index.

In the Finslerian category the situation is much more complicated than
in the Riemannian context. The variation of the energy applied to a geodesic
with the ends on submanifolds gives rise naturally to a second fundamental
form (see [Pet06]). A submanifold is totally geodesic (that is geodesics of the
submanifold are also geodesics for the ambient manifold) is equivalent to the
statement that the second fundamental form vanishes holds only for Berwald
spaces, because the reference vector of the second fundamental form (which
appears in the connection coefficients) is not tangent to the submanifold.

15
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We define the asymptotic index using the second fundamenatal form and
the results are proved using the asymptotic index. But the results concerning
totally geodesic submanifolds are true for Berwald spaces (in these spaces the
asymptotic index is equal to the dimension of submanifold if and only if the
submanifold is totally geodesic).

In the Riemannian case results of this type are obtained in terms of
asymptotic index, totally geodesic submanifolds or extrinsic curvature of a
submanifold (see [CK52; FM05; Flo94] in the last notion). In this chapter,
using Morse theory in the Finslerian, the results involving asymptotic index
are proved in the Finsler spaces, the results concerning totally geodesic sub-
manifolds are proved in the Berwald-Finsler category and the results involv-
ing the extrinsic curvature are not treated because even in Berwald spaces,
where the reference vector is irrelevant for the connection coefficients, and
further for the curvature tensor, the inner products which appear in the flag
curvature have a dependence of the reference vector.

In the recent years the global behaviour of Ricci and flag curvature was ex-
tensively studied by Bao and Robles [BR04], Rademacher [Rad04b; Rad04a]
, and Shen [She01].

2.2 The main results

Now we state the main connectedness theorems of the paper. Their proofs
will follow after Theorems 2.5 and 2.7, Section 2.5.

Theorem 2.1 ([Pet09]). Let M be an m-dimensional Finsler manifold of
positive k-th Ricci curvature, and let f = (f1, f2) : N1 ×N2 →M ×M , with
fj : Nj → M isometric immersion of a compact manifold with asymptotic
index νfj , j = 1, 2. Then the following properties are true (we denote νf =
νf1 + νf2):

1. If νf > m+ k − 1, then f−1(∆) 6= ∅.

2. If νf > m+ k and M is simply connected, then f−1(∆) is connected.
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3. For νf > m+ k + i− 1 there is an exact sequence

πi(f−1(∆)) −−−→ π1(N) (p1f)∗−(p2f)∗−−−−−−−−→ πi(M) −−−→ πi−1(f−1(∆))

In the case when f is a pair of immersions we have:

Theorem 2.2 ([Pet09]). Let M be an m-dimensional Finsler manifold of
positive k-th Ricci curvature, and let f = (f1, f2) : N1 ×N2 →M ×M , with
fj : Nj → M isometric immersion of a compact manifold with asymptotic
index νfj , j = 1, 2. Then the following properties are true (we denote νf =
νf1 + νf2):

1. If νf ≥ m+ k − 1, then f−1(∆) 6= ∅.

2. If νf ≥ m+ k and M is simply connected, then f−1(∆) is connected.

If f = (f1, f1) where f1 is an embedding, then

3. For νf ≥ m+ k + i− 1 there is an exact sequence

πi(f−1(∆)) −−−→ π1(N) (p1f)∗−(p2f)∗−−−−−−−−→ πi(M) −−−→ πi−1(f−1(∆))

4. for i ≤ νf −m− k + 1, there are natural isomorphisms

πi(N1, f
−1(∆))→ πi(M,N1)

for i ≤ νf − m and a surjection for i = νf − m − k + 2. Here
πi(Nj, f

−1(∆)) is understood as the i-th homotopy group of the compo-
sition map

f−1(∆) ↪→ N
pj−−−→ Nj.

For positive flag curvature from Theorems 2.5 and 2.8 we have

Theorem 2.3 ([Pet07]). Let M be an m-dimensional compact Finsler man-
ifold of positive flag curvature and ∆ the diagonal of M ×M . Consider an
isometric immersion f : N → M ×M of a closed manifold with asymptotic
index νf . The following statements hold:

1. If νf > m, then f−1(∆) 6= ∅
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2. If νf > m+ 1 and M is simply connected, then f−1(∆) is connected.

3. For νf > m+ i the following sequence of homotopy groups

πi(f−1(∆)) −−−→ πi(N) (p1f)∗−(p2f)∗−−−−−−−−→ πi(M) −−−→ πi−1(f−1(∆)) −−−→ . . . is exact.

In the case where f is not a correspondence but a pair of immersions we
have the following stronger result:

Theorem 2.4 ([Pet07]). Under the assumptions of Theorem 2.3 if in addi-
tion N = N1 ×N2 and f = (f1, f2) with asymptotic index νf , then

1. If νf ≥ m then f−1(∆) 6= ∅

2. If νf ≥ m + 1 and M is simply connected, then it follows that f−1(∆)
is connected. If f = (f1, f1) with f1 embedding then

3. For νf ≥ m+ i the following sequence of homotopy groups

πi(f−1(∆)) −−−→ π1(N) (p1f)∗−(p2f)∗−−−−−−−−→ πi(M) −−−→ πi−1(f−1(∆))
is exact.

4. We have the natural isomorphism

πi(N1, f
−1(∆))→ πi(M,N1)

for i ≤ νf − m and a surjection for i = νf − m − k + 2. Here
πi(Nj, f

−1(∆)) is understood as the i-th homotopy group of the compo-
sition map

f−1(∆) ↪→ N
pj−−−→ Nj.

2.3 Preliminaries

We recall from the previous chapter some notions that are needed here.
Let N be a submanifold of M of dimension p < m. We consider the set

A = {(x, v)|x ∈ N, v ∈ TxM \ {0}} = {x̃ ∈ M̃ |π(x̃) ∈ N}.
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We consider Hx̃TxM and Hx̃TxN be the horizontal liftings of TxM and
TxN respectively along x̃ and

HNTM =
⋃
x̃∈A

Hx̃TxM

and
HNTN =

⋃
x̃∈A

Hx̃TxN.

Let N⊥
x̃
be the 〈·, ·〉x̃ orthogonal complement of Hx̃TN in Hx̃TM . Let X, Y ∈

HNTN and let X∗, Y ∗ be their prolongations to HNTM (that is if X, Y ∈
Hx̃TxN for some x̃ ∈ TM it follows that X∗, Y ∗ ∈ Hx̃TxM). The restriction
of ∇X∗Y

∗ to Ñ does not depend on the choice of the prolongation. By
the orthogonal decomposition induced by the inner product induced by the
Finsler metric

Hx̃TxM = Hx̃TxN ⊕N⊥x̃

we obtain that
∇X∗Y

∗ = ∇∗XY + I(X, Y ).

We will call I(X, Y ) the second fundamental form at X and Y . Note that
for x̃ = (x, v) ∈ A with v ∈ TxM \ TxN we have

〈∇X∗Y
∗, vH〉v = Iv(X, Y )

and we call it the second fundamental form of X and Y in the direction of v
(note that v is also the reference vector in the covariant derivative). We will
be interested mostly in the sign of the second fundamental form.

Let f : N →M be an immersion. The asymptotic index of the immersion
f in the direction is defined by

νf = min
x∈N

νf (x)

where νf (x) is the maximal dimension of a subspace of TxN on which the
second fundamental form vanishes in every direction v ∈ TxM \ TxN . The
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submanifold N will be called a totally geodesic submanifold (in the analytic
sense) if and only if ν(f) = dimN .

In the last part of this section we introduce the k-Ricci curvature, fol-
lowing [She01]. For a (k + 1)-dimensional subspace V ∈ TxM the Ricci
curvature RicyV on V is the trace of the Riemann curvature restricted to V ,
with flagpole y, and is given by:

Ricy(V) =
k∑
i=1
〈Ry(bi), bi〉y =

k∑
i=1
〈Ω(y, bi)bi, bi〉y,

where (bi)i=1,...,k+1, bk+1 = y is an arbitrary orthonormal basis for (V , 〈, 〉y).We
will call Ricy(V) the Ricci curvature on V . Ricy(V) is positively homoge-
neous of degree two on V ,

Ricλy(V) = λ2Ricy(V), for λ > 0, y ∈ V .

It is clear from the definition that Ric(y) = trace(Ricii(y)), for y ∈ TxM .
If V = P ⊂ TxM is a tangent plane, the flag curvature is given by

K(P, y) = gy(Ry(u), u)
gy(y, y)gy(u, u)− g2

y(u, y) ,

where u ∈ P \ {0}, span(y, u) = P . This is independent of the choice of
u ∈ P \ {0}, and for u being gy orthogonal to y and of gy norm 1 it becames

K(P, y) = RicyP
F 2(y) , y ∈ P.

Consider

Rick := inf
dim (V)=k+1

inf
y∈V

Ricy(V)
F 2(y) ,

the infimum being considered over all (k+ 1)-dimensional subspaces V ⊂
TxM and y ∈ V \ {0}. From the above definitions it can be seen that

Ric1 ≤ · · · ≤
Rick
k
≤ · · · ≤ Ricn−1

n− 1 ,
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and
Ric1 = inf

(P,y)
K(P, y) and Ric(n−1) = inf

F (y)=1
Ric(y)

.
We will say tha the Finsler manifold (M,F ) has positive k-Ricci curvature

if Rick > 0.
In [She01], Shen proves various results under assumptions on k-Ricci

curvature, related to vanishing of homotopy groups, injectivity radius and
conjugate radius under the assumptions that the k-Ricci curvature satisfies
Rick ≥ k.

Generally, for the notions and facts from algebraic topology we used the
books of A. Hatcher [Hat] and G. W. Whitehead [Whi78].

2.4 Morse Theory on path space

In this section we use Morse theory on the path space, the main tool in
the proofs of the connectedness principles developed in the paper.

Let M be a connected Finsler manifold and P (M) denote the path space
of the manifold with the topology induced by the metric

d(α0, α1) = (
∫ 1

0
(F (α̇0)− F (α̇1))2dt) 1

2 + max
t∈[0,1]

dM(α0(t), α1(t)),

which is well defined even if α0 and α1 have finitely many cusps (here dM
denote the metric induced on M by the Finsler metric).

Consider the projection map p : P (M) → M × M given by p(α) =
(α(0), α(1)) which defines a Serre fibration given by Ω(M) → P (M) →
M ×M where the fiber Ω(M) is the loop space of M with a fixed basepoint.

For a manifold N and a smooth map f : N → M × M we consider
the pullback fibration by f , Ω(M)→ P (M, f)→ N . P (M, f) ⊂ N × P (M)
consists of (x, α) such that f(x) = (α(0), α(1)) and has the induced topology.

We study the space P (M, f) from the Morse theory of the energy func-
tional E(x, α) = 1

2
∫ 1

0 F
2(α̇(t))dt. By the results from [Kob96] any critical
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point (x, α) of the energy functional E is a geodesic for which (α̇(0),−α̇(1))H

is 〈 , 〉α̇ orthogonal to (f∗(Tx(N)))H . We will restrict in this section to com-
pact manifolds.

Theorem 2.5 ([Pet07]). Let M and N be compact Finsler manifolds, and
f : N → M × M an isometric immersion, and let ∆ ⊂ M × M be the
diagonal. Assume that every nontrivial critical point (x, α) of E has index
Iα ≥ λ0. Then the following assertions are true.

1. If λ0 ≥ 1, then f−1(∆) 6= ∅.

2. If λ0 ≥ 2 and M is simply connected, then f−1(∆) is connected.

If in addition f = f1 × f1 : N = N1 × N1 → M ×M , where f is an
embedding, then

3. πi(P (M, f), f−1(∆)) = 0 for all i < λ0.

4. For λ0 ≥ i, then there is an exact sequence of homotopy groups,

πi(f−1(∆)) −−−→ πi(N) (p1f)∗−(p2f)∗−−−−−−−−→ πi(M) −−−→ πi−1(f−1(∆)) −−−→ . . . ,

where p1 and p2 are the projections to the factors.

Proof. (1) f−1(∆) = ∅ implies that E has an absolute minimum at some
non-trivial critical point (x, α), hence its index should be zero, this is a
contradiction.

(2) At this step we use the finite approximation of the path space proved
for the Finsler setting by Dazord ([Daz69] p. 129-134).

Let Pc(M, f) = E−1([0, c)) be an open subset of P (M, f) and
Bk
c (M,F ) ⊂ Pc(M, f) the space of piecewise smooth geodesics with k-cusps

(with each piece of length less than the injectivity radius). For k suffi-
ciently large Bk

c (M, f) and Pc(M, f) are homotopy equivalent. Being the
space Bk

c (M, f) formed by k-broken geodesic it can be identified with an
open submanifold of the product N × M × . . . × M (k copies of M). E

is a proper function when restricted to Bk
c (M, f) and furthermore E|Bkc (M,f)

and E|Pc(M,f) have the same critical points with identical indices ([Daz69] p.
129-134).
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Suppose, by contrary, that f−1(∆) is not connected. In this case there
exist disjoint non-empty compact subsets A and B such that A∪B = f−1(∆).
We can think at f−1(∆) as the set of constant paths in P (M, f). Let p ∈ A
and q ∈ B.

The manifold M being simply connected it follows that the loop space
Ω(M) is path connected, and it implies that P (M, f) is also path connected,
and, furthermore, there exists a path α0 in P (M, f) joining p and q. By
the previous observations related to Bk

c (M, f) we can choose a path α0 ∈
Bk
c0(M, f) joining p and q for some constant c0 > 0 and some k ∈ N, enough

large such that Bk
c0(M, f) has the same homotopy type as Pc(M, f).

Let X = Bc0(M, f) with the induced product metric [KPV01] from N ×
M × . . .M (k times of M) and consider g = E|X . By an above consideration
we identify f−1(∆) with g−1(0). We will prove (3) under the assumption that
there exists a sequence of connected paths αk : [0, 1]→ g−1[0, 1

k
] , (k ≥ 1) in

X with αk(0) = p and αk(1) = q, in the homotopy class of [α0], keeping the
endpoints fixed. By the compactness of A and B the distance dX(A,B) > 0.
Consider the function a(x) = d(x,A)−d(x,B). We can see that a|αk satisfies
a(p) < 0 and a(q) > 0, so there exists a point xk ∈ αk with a(xk) = 0.
Now (xk)k∈N contains a convergent subsequence, so we can assume that (xk)
itself is convergent to a point x, and limk→∞ g(xk) = 0. Thus we obtain a
contradiction x ∈ g−1(0) and a(x) = 0, since A ∩B 6= ∅.

By Corollary 6.8 in [Mil63] and from the fact that λ0 ≥ 2, there ex-
ists a Morse function h on X such that |g − h| ≤ 1

10k on the sublevel set
X≤c0+ 1

2 = {x ∈ X, h(x) ≤ c0 + 1
2} , such that the critical points of h in the

set h−1([ 1
2k , c0 + 1

2 ]) have Morse index greater than 1, so from Morse Theory
it follows that h−1(−∞, c0 + 1

2 ] is homotopy equivalent to h−1(−∞, 1
2k ] by

gluing cells of dimensions at least 2. But this implies that the relative ho-
motopy group π1((−∞, c0 + 1

2 ], (−∞, 1
2k ]) = 0, so α0 is homotopic to a path

αk in h−1(−∞, 1
2k ] with the same endpoints p and q fixed.

(3) It is enough to show that E−1(0) = f−1(∆) ⊂ Bc(M, f) has an open
neighborhood U ∈ Bc(M, f) which is a deformation retract of f−1(∆). The
existence of such a neighborhood will be given in Proposition 2.6.

(4) We have that πi(ΩM) ∼= πi+1(M). Further we have the diagram
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. . . πi(P (M, f)) −−−→ πi(N) φ−−−→ πi(M) −−−→ πi−1(P (M, f)) . . .

f̃∗

y f∗

y =
y f̃∗

y
. . . πi(P (M)) p∗−−−→ πi(M ×M) δ∗−−−→ πi(M) −−−→ πi−1(P (M)) . . .

because Ω(M) → P (M, f) → N is the pullback of the Serre fibration
Ω(M) → P (M) → M × M via the immersion f : N → M × M . Being
P (M) homotopic to M it follows that p : M → M × M is homotopic to
the diagonal map. Denoting pi the projection of M × M to the i-th fac-
tor, then δ∗ = (p1)∗ − (p2)∗. From the diagram we have the homomorphism
φ = (p1f)∗ − (p2f)∗.

The next proposition states the existence of the neighborhood used in the
proof Theorem 2.5 point (3)(for the proof see [Pet02]). Let X be a complete
Finsler manifold and let f : N → X ×X be a isometric immersion, where N
is a compact manifold. Let S be the subset

S = {(x, f(x), . . . , f(x)) ∈ N × (X ×X)× · · · × (X ×X)|x ∈ f−1(∆)},

k times X ×X.

Proposition 2.6 ([Pet07]). Let X be a complete Finsler manifold and f :
N → X×X be an isometric immersion as above. The subset S in N × (X×
X)× . . . (X ×X), (k-copies of (X ×X)) is a deformation retract of an open
neighborhood U if one of the following conditions holds:

• f is a totally geodesic map

• N = N1 ×N1 and f = f1 × f1, where f1 is an embedding.

2.5 Index estimates via the asymptotic index

Now we are going to prove some index estimates for the energy functional
E of the Finsler metric on P (M, f). At a point (x, α) ∈ P (M, f) the tangent
space consists of vectors (v,W ), with v ∈ TxM and W piecewise smooth
vector field along α such that f∗(v) = (W (0),W (1)). Being f an immersion
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the tangent space can be identified with the space (W (0),W (1)). For a
parallel vector field along α, by the second variation formula of Finsler energy,
the Hessian of the energy function satisfies

E∗∗ =
∫ 1

0
−〈Ω(α̇H ,WH)WH , α̇H〉α̇dt

+〈Iα̇(f∗(v), f∗(v))H , (−α̇(0), α̇(1))H〉α̇

Theorem 2.7 ([Pet09]). Let M be a compact Finsler manifold of positive
k-Ricci curvature and let f : N → M ×M be an isometric immersion with
asymptotic index νf . Let (x, α) be a non-trivial critical point of E, with
Morse Index Iα. Then,

1. Iα ≥ νf −m− k + 1

2. If f = (f1, f2) : N = N1 ×N2 → M ×M such that fi : Ni → M is an
immersion, i = 1, 2, then Iα ≥ νf −m− k + 2.

Proof. (1).Consider the set V of vector fields along α such that vH is parallel
along and 〈 , 〉α̇ orthogonal to α̇H . It is clear that dimV = m − 1 and we
can identify V with {v(0), v(1), v ∈ V }.

Consider the symmetric quadratic form on W given by

〈A(v), v〉 = −
∫ 1

0
−〈Ω(α̇H ,WH)WH , α̇H〉α̇dt,

where v = (W (0),W (1)).
Now let V1 be a subspace of maximal dimension such that the quadratic

form is negative definite on V1. V 1 can be view as a subspace of T(f(x))(M ×
M) with f(x) = (α(0), α(1)).

Consider further Nx the maximal subspace of TxN such that the second
fundamental form in the direction α̇ is zero, so dimNx ≥ νf . Being both
V h and f∗(Nx)H 〈, 〉α̇ orthogonal to (α̇(0),−α̇(1)) we have by the dimension
theorem that

dim ((f∗(Nx))H ∩ V ) ≥ νf + dimV − 2m+ 1.
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E∗∗(W,W ) = 〈A(v), v〉 < 0

for non zero vectors v ∈ (f∗(Nx))H∩V . We will show that dimV ≥ m−k.
We consider an orthonormal basis for V which are eigenvectors of A,

v1, v2, . . . , vm−1.
From the curvature assumption

k∑
i=1
〈A(vi), vi〉 =

k∑
i=1

∫ 1

0
−〈Ω(α̇H , vHi )vHi , α̇H〉α̇dt

=
∫ 1

0

k∑
i=1
−〈Ω(α̇H , vHi )vHi , α̇H〉α̇dt < 0

It follows that there exists i ∈ 1, . . . k, 〈A(vi), vi〉 < 0, let’s say that i = 1.
Analogous we have

k+1∑
i=2
〈A(vi), vi〉 =

k+1∑
i=2

∫ 1

0
−〈Ω(α̇H , vHi )vHi , α̇H〉α̇dt

=
∫ 1

0

k+1∑
i=2
−〈Ω(α̇H , vHi )vHi , α̇H〉α̇dt < 0,

so we can choose v2 with 〈A(v2), v2〉 < 0. By repeating this operation
we can choose v1, . . . , vm−k with 〈A(vi), vi〉 < 0 for 1 ≤ i ≤ m − k, that is
〈A(v), v〉 < 0 for v in the subspace spanned by v1, . . . , vm−k, and the first
assertion of the theorem follows.

(2). α is a geodesic in M such that α̇h(0) is 〈 , 〉 ˙α(0) orthogonal to
((f1)∗(Tx1N1))H and α̇H(1) is 〈 , 〉 ˙α(1) orthogonal to ((f2)∗(Tx2N2))H , where
x = (x1, x2). Now both (α̇(0), 0)H and (0, α̇(1))H are normal to f∗(TxN)H

and V , so we have for the dimension of their intersection

dim ((f∗(Nx))H ∩ V ) ≥ νf + dimV − 2m+ 2 = νf −m− k + 2.
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In the positive flag curvature case it follows the next theorem:

Theorem 2.8 ([Pet07]). Let M be a compact Finsler manifold of positive
flag curvature and let f : N → M × M be an isometric immersion with
asymptotic index νf . Let (x, α) be a non-trivial critical point of E, with
Morse Index Iα. Then,

1. Iα ≥ νf −m

2. If f = (f1, f2) : N = N1 ×N2 → M ×M such that fi : Ni → M is an
immersion, i = 1, 2, then Iα ≥ νf −m+ 1.

Proof. (1) Consider the set V of vector fields along α such that vH is parallel
along and 〈 , 〉α̇ orthogonal to α̇H . It is clear that dimV = m − 1 and we
can identify V = {v(0), v(1)}.

Consider further Nx the maximal subspace of TxN such that the second
fundamental form in the direction α̇ is zero, so dimNx ≥ νf . Being both
V h and f∗(Nx)H 〈, 〉α̇ orthogonal to (α̇(0),−α̇(1)) we have by the dimension
theorem that

dim ((f∗(Nx))H ∩ V ) ≥ νf + dimV − 2m+ 1 = νf −m.

(2) α is a geodesic in M such that α̇h(0) is 〈 , 〉 ˙α(0) orthogonal to
((f1)∗(Tx1N1))H and α̇H(1) is 〈 , 〉 ˙α(1) orthogonal to
((f2)∗(Tx2N2))H , where x = (x1, x2). Now both (α̇(0), 0)H and (0, α̇(1))H are
normal to f∗(TxN)H and V , so we have for the dimension of their intersection

dim ((f∗(Nx))H ∩ V ) ≥ νf + dimV − 2m+ 2 = νf −m+ 1.

Now, from theorems 2.5 and 2.7 follow the theorems announced in the
Section 2.2
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2.6 Some consequences of the main results

Theorem 2.9 ([Pet07]). Let M be a compact simply connected Finsler man-
ifold of positive flag curvature. Let fi : Ni → M be a compact isometric
immersion with asymptotic index νf i, i = 1, 2. For νf1 + νf2 ≥ m + 1 then
both f−1

1 (f2(N2)) and f−1
2 (f1(N1)) are connected.

Proof. Let us consider the immersion (f1, f2) : N1 ×N2 → M ×M . By the
Theorem 2.4, (f1, f2)−1(∆) is connected and it follows that f−1

1 (f2(N2)) =
p1((f1, f2)−1(∆)) and f−1

2 (f1(N2)) = p2((f1, f2)−1(∆)) are connected.

The next theorem is a Frankel type result about intersection of subman-
ifolds, see [Fra61; KP00; Pet02] for different versions in the Riemann and
Finsler setting.

The original Frankel theorem states that for a complete connected Rie-
mannian manifold M of positive sectional curvature, two totally geodesic
submanifolds V and W have nonempty intersection, V ∩W 6= ∅ , provided
that dimV + dimW ≥ dimM .

Theorem 2.10 ([Pet07]). Let M be an m dimensional connected Finsler
manifold of positive flag curvature and let fi : Ni →M be isometric immer-
sions of a compact submanifold with asymptotic indexes νfi. If νf1 +νf2 ≥ m,
then f1(N1) ∩ f2(N2) 6= ∅.

Proof. Consider f = (f1, f2) : N1 ×N2 →M ×M . Now νf = νf1 + νf2 ≥ m,
so from Theorem 2.3 it follows that f−1(∆) 6= ∅, that is f1(N1)∩ f2(N2) 6= ∅.

A map f : N → M is said to be (i + 1)- connected if it induces an
isomorphism up to the i-th homotopy group and a surjective homomorphism
on the (i+ 1)-th homotopy group.

In what follows we prove some results related to the above defined con-
nectedness notion.

Theorem 2.11 ([Pet07]). Let M be a compact simply connected Finsler
manifold of positive flag curvature and let f : N → M be an immersion
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of a compact manifold. If the asymptotic index νf > dimM
2 , then f is an

embedding.

Proof. It is enough to show that f is one-to-one map since f is an immersion.
We have that

f−1(∆) = {(x, x), x ∈ N} ∪ {(x, y)|f(x) = f(y), x 6= y}.

If f is not injective it follows that f−1(∆) is not connected, this is a contra-
diction.

Theorem 2.12 ([Pet07]). Let M be a compact Finsler manifold of positive
flag curvature and N be a compact embedded submanifold with asymptotic
index ν. We have πi(M,N) = 0 for i ≤ 2ν − dimM .

Proof. In Theorem 2.4 consider N1 = N2 and fi = ß : N ↪→M the inclusion.
Now f (−1)(∆) = N = N1 ∩N2 and the result follows.

The next theorem is a result related to embeddings, similar to the re-
sults of B. Wilking [Wil03], which states that the for a positively curved
n-dimensional manifold M of positive sectional curvature and a (n − k)-
dimensional totally geodesic compact submanifold N the inclusion ι : N →
M is n− 2k + 1 connected.

Theorem 2.13 ([Pet07]). Let M be a compact simply connected Finsler
manifold of positive flag curvature and let f : N →M be an embedding of a
compact manifold with asymptotic index νf . Then f is (2νf − dimM + 1)-
connected.

Proof. The result is a consequence of Theorems 2.4 and 2.12.

Theorem 2.14 ([Pet07]). Let M be a compact simply connected manifold
of positive flag curvature. If f : N → M is an isometric immersion of
a compact manifold with asymptotic index νf then f is (2νf − dimM + 1)
connected.

Proof. We have that (2νf − dimM + 1) > 1, so 2νf > dimM . Unsing
Theorems 2.11 and 2.13 the proof is concluded.
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2.7 Applications for totally geodesic
submanifolds of Berwald manifolds

In Riemannian geometry the fact that the second fundamental form of
a submanifold is zero is equivalent to the property that the submanifold is
totally geodesic.

In our case the situation is more subtle. The second fundamental form,
defined from the variational approach (second variation of the energy of a
geodesic where the ends of the geodesics are in two submanifolds) is rather an
analytical definition. The reference vector of the second fundamental form
is not tangent to the submanifold, so it is an extrinsic characteristic of the
submanifold (it is related to the way the submanifold lies in the ambient
manifold). The condition that the second fundamental form vanishes is not
equivalent to the geometric property of a submanifold being totally geodesic.
For Berwald spaces the above equivalence is true, due to the fact that the
reference vector of the covariant derivative is irrelevant. So, we have two
notions of a totally geodesic submanifold. One of them is analytical, that is,
the second fundamental form in a non-tangent direction vanishes, and the
other is geometrical, that is, the geodesics of the submanifold are geodesics
in the ambient manifold.

In the case when the manifold M is of Berwald type, the connection of
M lives on the tangent level (the reference vector is irrelevant) and is linear.
In this case, for a submanifold, the condition that the second fundamental
form defined in Section 2.3 vanishes is equivalent to the property that the
submanifold is totally geodesic, that is the geodesic of the submanifold are
geodesics for the ambient manifold. Furthermore in this case a submanifold
N of the manifoldM is totally geodesic in both senses, analytic and geometric
if and only if νf = dimN (in the Berwald category the reference vector is
irrelevant).

In the case of Berwald spaces, the previous characterization of totally
geodesic submanifolds is also implied by Szabó’s structure theorems on Berwald
spaces (see [Sza81b]). One of Szabó’s results says that if (M,L,∇) is a man-
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ifold endowed with a Berwald metric L and ∇ is the Berwald connection,
then the connection is Riemann metrizable, i.e., there exists a non-unique
Riemannian metric g on M such that ∇ is the Riemannian connection of g.
This implies that the geodesics of the Berwald metric L and the non-unique
Riemannian metric g coincide. It follows now that a submanifold of M is
totally geodesic with respect to g if and only if it is totally geodesic with
respect to L, i.e., the totally geodesic submanifolds ofM , with respect to the
Berwald metric L, coincide with the totally geodesic submanifolds with re-
spect to the non-unique Riemannian metric g whose existence is guaranteed
by Szabo’s results.

The second fundamental form defined in the Section 2.3 has the reference
vector non tangent to the submanifold. But this second fundamental form
appears naturally in the study of geodesics joining two submanifolds. This
shows us an important difference between the Finsler and Riemann cases,
and as expected, this difference comes up from the fact that the Cartan con-
nection (and any other connection used in Finsler geometry) has a directional
dependence. In the Finsler category, there is no such strong relationship be-
tween the asymptotic index and the property of a submanifold to be totally
geodesic as in the Riemannnian case.

All the results concerning asymptotic index can be restated for totally
geodesic submanifolds N of Berwald manifolds M , with f : N → M totally
isometric immersion and νf = dimN .

Finally we present some problems in Finsler geometry where we expect
that these tools can be applied. Grove and Searle ([GS94]) introduced the
symmetry rank of a Riemannian manifold (M, g), to be the rank of the
isometry group of (M, g). Grove also proposed to classify those manifolds
with a large isometry group. One of the aims of this program is to find general
obstructions to the existence of Riemannian metrics of positive curvature
(taking benefit from the obstructions for manifolds with a large amount of
symmetries). We expect that these tools can be applied to the study of
manifolds with Finsler metrics of positive flag curvature.
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Chapter 3

Compactness theorems in
positively curved Finsler
manifolds

3.1 Introduction. k- Ricci curvature

The results in this chapter are from [AP14b] and [AKP17] The classical
Gauss-Bonnet Theorem opened a series of results that are extracting topo-
logical properties of a differentiable manifold from the various properties of
certain differential geometric invariants of that manifold. The basic topics
in this framework consist of the Hopf-Rinow Theorem, the theory of Jacobi
fields and the relationship between geodesics and curvature, the Theorems of
Hadamard, Myers, Synge, the Rauch Comparison Theorem, the Morse Index
Theorem and others. In the Finslerian setting the most recent account of
results of this type is due to D. Bao, S.S. Chern and Z. Shen in [BCS00], Ch.
6-9. For a weakened version of the Myers theorem we refer to [Ana07].

The main differential geometric invariants involved in these results are
the flag curvature and the Ricci scalar. Among the many others there exits
one denoted by Rick and called k− Ricci curvature that interpolates between
the flag curvature and the Ricci curvature. In this chapter we consider an
n− dimensional, complete Finsler manifold (M,F ) , a minimal, compact

33
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submanifold P of it and we prove that if the k-Ricci curvature satisfies the
condition

∫∞
0 Rick(t) > 0 along any geodesic γ : [0,∞) → M, t → γ(t)

emanating orthogonally from P or
∫ 0
−∞Rick(t) > 0 along any geodesic γ :

(−∞, 0] → M, t → γ(t) arriving orthogonally to P , then M is compact.
For the Riemannian case there are many similar results (see [BT99] and the
references therein). By our knowledge our result is the first of this type for
general Finsler spaces but the techniques we use here can be adapted to find
many others. Some results for Berwald spaces are obtained by Bhinh and
Tamassy (see in [BT99]). The differential invariant Rick was deeply studied
by Z. Shen. In [She01], he proves various results concerning the vanishing of
homotopy groups under the assumption that the k-Ricci curvature satisfies
Rick ≥ k.

Various differential geometric invariants have strong impact on the topol-
ogy of differentiable manifolds as illustrated by deep results in the Rieman-
nian geometry like the theorems of Hopf-Rinow, Myers, Rauch, Synge. The
area of these results has been extended along years to the Finslerian setting.
The most recent and modern account of them is due to D. Bao, S.S. Chern
and Z. Shen( see [BCS00], Ch. 6-9). Their book has been followed by many
papers in this field. We cite only few [AP14a],[Wu13] as more related to our
results.

The main differential geometric invariants involved in the results aiming
to establish a topological property are the flag curvature and the Ricci scalar.
Among the many others there exits one denoted by Rick that interpolates
between the flag curvature and the Ricci curvature. It is associated to a
k + 1-dimensional subspace of the tangent space in a point of a manifold
in such a way that for k = 1 it coincides with the flag curvature and for
k = dimM − 1 it is nothing but the Ricci curvature.

In the next sections we prove two results related to Rick which are dif-
ferent in their nature. The first one (see Section 3.4 ) provides a sufficient
condition on the average of the k-Ricci curvature in order that the Finsler
manifold be compact. The second one (see Section 3.5 ) says that if Rick is
positive then two submanifolds of a Finslerian n- dimensional manifold, one
with asymptotic index n − 1 and one minimal must intersect. The proofs
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of both results are based on the index form written in a special frame along
geodesics.

In the next section we prepare all is needed for the detailed proof given
in this chapter.

3.2 Preliminaries

We recall some facts about the variation of energy and Morse Index form,
mainly from [Pet06].

Let σ : [a, b] → M be a regular curve on M . Its length with respect to
the Finsler metric F : TM → R+ is given by L(σ) =

∫ b
a F (σ̇(t))dt and its

energy is given by E(σ) =
∫ b
a F

2(σ̇(t))dt.
The Finsler metric induces naturally the (Finslerian) distance by d(p, q) =

infσ∈C(p,q) L(σ), where C(p.q) is the set of piecewise smooth curves from p to
q. The properties of a distance, except the symmetry hold well. The pair
(M,d) is called sometimes a generalized metric space. For a non-reversible
Finsler metric d is not symmetric, because the length of a curve may not
coincide with the length of the reverse curve σ̃(t) = σ(a + b − t) ∈ M . The
non-reversibility property is also reflected in the notion of Cauchy sequences.

The classical Hopf-Rinow theorem splits into forward and backward ver-
sions (see [BCS00], [CJS11]).

The non-reversibility of the distance implies the existence of two open
balls, the forward balls

B+(p, r) = {x ∈M |d(p, x) < r},

where p ∈M and r > 0, and the backward balls,

B−(p, r)) = {x ∈M |d(x, p) < r}.

A symmetrized distance can be defined as

ds(p, q) = 1
2(d(p, q) + d(q, p)).
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The closed balls will be denoted by a bar, i.e. B+(p, r) and B−(p, r). The
topologies induced by these two kinds of balls agree with the topology of the
manifold. We also denote the associated balls of ds by Bs(x, r). In [CJS11]
(Proposition 2.2) there is proved a Hopf-Rinow theorem for symmetrized
closed balls, i.e. the symmetrized distance ds is complete if Bs(p, r) are
compact for all p ∈ M and r > 0 (or equivalently B

+(p, r) ∩ B−(p, r) is
compact for all p ∈M and r > 0). The conditions here are weaker that those
in the theorems involving forward or backward completeness. In the same
paper [CJS11] there is constructed an example of Randers type with compact
symmetrized balls but which fails to be forward or backward complete.

The non-reversibility of the metric also induces two types of geodesic com-
pleteness, forward, when the domain of the geodesic can be always extended
to (a,∞) for some a ∈ R and backward when it can be extended to (−∞, b)
for some b ∈ R.

The critical points of the (length) energy functional are the normal geodesics
σ in the Finsler manifold M whenever they are parameterized by arc-length
i.e. F (σ̇) = 1.

Let P be a submanifold of M of dimension d < n. We consider the set

A = {(x, v)|x ∈ P, v ∈ TxM} = {x̃ ∈ M̃ |π(x̃) ∈ P}.

Let Hx̃TxM and Hx̃TxP be the horizontal lifts of TxM and TxP to x̃ and

HPTM =
⋃
x̃∈A

Hx̃TxM

and
HPTP =

⋃
x̃∈A

Hx̃TxP.

For horizontal vector fields X, Y ∈ HPTP let X∗, Y ∗ be some prolongations
of them to HPTM . The restriction of ∇X∗Y

∗ to P̃ = TP \0 does not depend
of the choice of the prolongations.

Let P⊥
x̃

be the 〈·, ·〉x̃ orthogonal complement of Hx̃TP in Hx̃TM . By the
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orthogonal decomposition

Hx̃TxM = Hx̃TxP ⊕ P⊥x̃ , x̃ = (x, v) ∈ A

we obtain that
∇X∗Y

∗ = ∇∗XY + Iv(X, Y ).

We will call Iv(X, Y ) the second fundamental form at X and Y in the direc-
tion of v. Note that for x̃ = (x, v) with v ∈ TxM \ TxP we have

〈∇X∗Y
∗, vH〉v = Iv(X, Y ). (3.1)

Definition 3.1. Let P ⊂ M be an p-dimensional submanifold of a Finsler
manifold (M,F ). The submanifold P is called minimal if for every tangent
vector v to M and for any horizontal orthogonal vectors V H

i , i = 1, r (i.e.
〈V H

i , V
H
j 〉v = 0 for i 6= j) we have ∑p

i=1 Iv(V H
i , V

H
i ) = 0.

The condition of minimality is equivalent with the vanishing of the trace
of the linear operator AvH , where AvH is the linear operator defined by

〈AvHXH , Y H〉v = 〈IT (XH , Y H), vH〉v.

For details we refer to [Dra86], [She98].

Definition 3.2. Let f : N →M be an immersion. The asymptotic index of
the immersion f in the direction v ∈ TxM \ TxP is defined by

νf = min
x∈N

νf (x)

where νf (x) is the maximal dimension of a subspace of TxN on which the
second fundamental form vanishes in every direction v ∈ TxM \ TxN .

Now let σ : [a, b] → M be a normal geodesic in M with σ(a) ∈ P and
σ̇H(a) in the normal bundle of P (i.e. σ̇H(a) ⊥ (Hσ̇(a)Tσ(a)P )).

Let X̃P = XP [a, b] be the vector space of all piecewise smooth vector
fields X along σ such that XH(a) ∈ Tσ̇(a)P̃ and let XP be the subspace of
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X̃P consisting of these X such that XH is orthogonal to σ̇H along the curve
σ.

We have that

〈∇THX
H , Y H〉T = 〈∇XHTH + [TH , XH ] + θ(TH , Xh), Y H〉T (3.2)

= 〈∇XHTH , Y H〉T ,

because [TH , XH ] and θ(TH , Xh) are vertical vector fields ([AP94]).
And for Y H orthogonal to TH we have that

0 = XH〈TH , Y H〉T = 〈∇XHTH , Y H〉T + 〈TH ,∇XHY H〉T . (3.3)

By considering the vector fields XH , Y H such that XH(a), Y H(a) ∈ Tσ̇(a)P̃

and taking account of formulas (3.1), (3.2), (3.3) the Morse index form IP :
XP × XP → R, becomes

IP (X, Y ) = 〈∇THX
H , Y H〉T

∣∣∣∣b + 〈IT (XH , Y H), TH〉T
∣∣∣∣
a

−
∫ b

a
〈∇TH∇THX

H +Ω(TH , XH)TH , Y H〉Tdt.

From [Pet06] we know that IP is symmetric.

Definition 3.3. [Pet06] Let P ⊂ M be an d-dimensional submanifold of a
Finsler manifold (M,F ). A P -Jacobi field J is a Jacobi field which satisfies
in addition

J(a) ∈ Tσ(a)P

and
〈∇THJ

H + ATHJ
H , Y H〉T

∣∣∣∣
a

= 0

for all Y ∈ (Tσ(a)P )H .

The last condition means in fact that

∇THJ
H + ATHJ

H ∈ ((Tσ(a)P )H)⊥.
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The dimension of the vector space of all P -Jacobi fields along σ is equal
to the dimension ofM and the dimension of the vector space of the P -Jacobi
fields satisfying

〈JH , TH〉 = 0

is equal to dimM − 1.
If P is a point, then a P -Jacobi field is a Jacobi field J along σ such that

J(a) = 0.
A point σ(t0), t0 ∈ [a, b] is said to be a P -focal point along σ if there

exists a non-null P -Jacobi field J along σ with J(t0) = 0.
We shall use the following Lemma from [Pet06].

Lemma 3.4. Let (M,F ) be a Finsler manifold and σ : [a, b] → M be a
geodesic, and P ⊂ M be a submanifold of M . Suppose that there is no P -
focal point along σ. Let X ∈ X̃P be a vector fields orthogonal to σ and J a
P -Jacobi field such that X(b) = J(b). Then

IP (X,X) ≥ IP (J, J)

with equality if and only if X = J .

We introduce the k-Ricci curvature Rick following [She01]. For a (k+ 1)-
dimensional subspace V ∈ TxM the Ricci curvature RicyV on V is the trace
of the Riemann curvature restricted to V , with flagpole y, and is given by:

Ricy(V) =
k∑
i=1
〈Ry(bi), bi〉y =

k∑
i=1
〈Ω(y, bi)y, bi〉y,

where Ry(bi) ≡ Ω(y, bi)y and y, (bi)i=1,...,k is an arbitrary orthonormal basis
for (V , 〈, 〉y). Ricy(V) is well-defined and is positively homogeneous of degree
2 on V ,

Ricλy(V) = λ2Ricy(V), for λ > 0, y ∈ V .

It is clear from the definition that Ricy(TxM) is nothing but the Ricci
curvature Ric(y) for y ∈ TxM .
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If V = P ⊂ TxM is a tangent plane, the flag curvature is given by

K(P , y) = 〈Ry(u), u〉y
〈y, y〉y〈u, u〉y − 〈u, y〉2y

,

where u ∈ P \ {0}, span(y, u) = P . This is independent of the choice of
u ∈ P \ {0}. If u is gy orthogonal to y and its gy-norm 1, then it becomes

K(P , y) = RicyP
F 2(y) , y ∈ P.

Consider the following function on M :

Rick(x) := inf
dim (V)=k+1

inf
y∈V

Ricy(V)
F 2(y) ,

the infimum being considered over all (k+1)-dimensional subspaces V ⊂ TxM

and y ∈ V \ {0}. From the above definitions it can be seen that

Ric1 ≤ · · · ≤
Rick
k
≤ · · · ≤ Ricn−1

n− 1 ,

and
Ric1 = inf

(P,y)
K(P, y) and Ric(n−1) = inf

F (y)=1
Ric(y).

We will say that the Finsler manifold (M,F ) has positive k-Ricci curva-
ture if Rick > 0.

From the above definitions it can be seen that

Ric1 = inf
(P,y)

K(P, y) and Ric(n−1) = inf
F (y)=1

Ric(y).

We will say that the Finsler manifold (M,F ) has positive k-Ricci curva-
ture if and only if Rick > 0.

Secondly, we recall a result from the theory of differential equations which
will be essential in the proof of our main result.
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3.3 Some compactness results.

Theorem 3.5. ([Tip78]) Consider the differential equation

f ′′(t) +H(t)f(t) = 0 , t ∈ [0,∞)

with H(t) continuous. If ∫ ∞
0

H(t)dt > 0

there exists a solution f satisfying the conditions f(0) = 1, f ′(0) = 0 and
there exists t0 > 0 for which f(t0) = 0.

Here
∫∞

0 means lim inf l→∞
∫ l

0. The conditions satisfied by the solution
f are similar to those meet in the definition of focal points. A differential
equation f ′′(t) + H(t)f(t) = 0 admitting such a solution f will be called
focal. There are several other sufficient conditions for a differential equation
f ′′(t) +H(t)f(t) = 0 be focal, [Gal81], [Gal82].

Now we state and prove our main result.

Theorem 3.6. Let (M,F ) be a n-dimensional Finsler manifold which sat-
isfies the condition

B+(x, r) ∩B+(x, r) is precompact ∀x ∈Mand r > 0 (3.4)

and P be a p-dimensional compact and minimal submanifold of M . If the
k-Ricci curvature satisfies the condition

∫ ∞
0

Rick(t) > 0

along any geodesic γ : [0,∞)→M, t→ γ(t) emanating orthogonally from P

and ∫ 0

−∞
Rick(t) > 0

along any geodesic γ : (−∞, 0] → M, t → γ(t) arriving orthogonally to P

then M is compact.

Proof. Suppose, by contrary that, M is not compact.
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Then there exists a normal geodesic γ(t) emanating from P and orthog-
onal to P free of focal points, i.e. there exists a sequence of pi such that the
distance d(pi, P ) (or d(P, pi)) tends to infinity, since it is supposed that M
is non-compact. Otherwise, because of the fact that P is compact, M would
be contained in an intersection B+(x1, r1) ∩ B−(x2, r2) with x1, x2 ∈M and
r1, r2 > 0 and (see [CJM11], Prop 2.2) should be compact.

By the condition 3.4 on M and the compactness of P there exists for
each pi a normal geodesic γi which realizes the minimum distance d(pi, P ) (or
d(P, pi)) since the Palais-Smale condition for the energy functional is satisfied
(see [CJS11] and [CJM10]) so we can apply Morse theory for geodesics (see
[CJM11]). Suppose now that the minimum distances d(pi, P ) are realized and
γ : [0,∞)→M, t→ γ(t) along any geodesic emanating orthogonally from P

(the reverse case is the same via a change of variables in the integral). Denote
by xi the point in P which is joined with pi by γi, γi(0) = xi ∈ P , γ(1) = pi.
It is known that the geodesic γi intersects P orthogonally with respect to the
inner product 〈 , 〉γ′i(0), that is Ti = γ′i(0) is orthogonal to P with respect to
〈 , 〉γ′i(0). By the compactness of P there exists an accumulation point x ∈ P
of the sequence xi and also Ti → T with T ⊥ P with respect to 〈 , 〉T and
F (T ) = 1. It follows that the length of the geodesic γ(t) with initial data
(x, T ) is equal to d(x, γ(t)), so γ(t) is P -focal point free.

On the other hand from the conditions in the theorem we will show that
γ(t) has P -focal points. This contradiction shows thatM has to be compact.

The index form along the geodesic γ with variations vector field V is

IP (V, V ) =
∫ l

0
[〈∇THV

H ,∇THV
H〉T − 〈Ω(TH , V H)V H , TH〉T ]dt (3.5)

= 〈∇THV
H , V H〉T

∣∣∣∣l + 〈IT (V H , V H), TH〉T
∣∣∣∣
0

−
∫ l

0
〈∇TH∇THV

H +Ω(TH , V H)TH , V H〉Tdt.

We are going to use the parallel transport with reference vector T . We
construct a moving frame Vi(t), i = 1, p along γ such that

• Vi(0) is an orthogonal basis in Tγ(0)P and 〈V H
i (0), TH(0)〉T (0) = 0
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• Vi(t) are parallel along γ, i.e. ∇THV
H
i = 0.

It follows that the V H
i (t) are orthogonal to each other and to TH(t) along γ

with respect to the inner product 〈 , 〉T (t).
We have, for i = 1, r

IP (Vi, Vi) = 〈∇THV
H
i , V

H
i 〉T

∣∣∣∣l + 〈IT (V H
i , V

H
i ), TH〉T

∣∣∣∣
0

(3.6)

−
∫ l

0
〈∇TH∇THV

H
i +Ω(TH , V H

i )TH , V H
i 〉Tdt.

We summing up from i = 1 to p. Since P is minimal we have

p∑
i=1
〈IT (V H

i , V
H
i ), TH〉T

∣∣∣∣
0

= 0

and one yields

p∑
i=1

I(Vi, Vi) =
p∑
i=1
〈∇THV

H
i , V

H
i 〉T

∣∣∣∣l

−
p∑
i=1

∫ l

0
〈∇TH∇THV

H
i +Ω(TH , V H

i )TH , V H
i 〉Tdt .

Let us take Xi(t) = f(t)Vi(t) with f : [0,∞) → R+ satisfying f(0) =
1, f ′(0) = 0. Then

Xi(0) = Vi(0), X ′i(t) = f ′(t)Vi(t), X”(t) = f”(t)Vi.

It follows that
p∑
i=1

I(Xi, Xi) = rf(t)f ′(t)
∣∣∣∣l − r ∫ l

0
(f ′′(t) + f(t)1

r
RicT (V)f(t)dt, (3.7)

where V is the linear space spanned by T, Vi, i = 1, 2...p.
In our hypothesis on Rick, setting rH = RicT (V) it comes out that the

equation f”(t) + f(t)H(t) = 0 is focal. By the Theorem 10, there exists
t0 > 0 such that f(t0) = 0. We take l = t0. In the r.h.s. of (7) the first term
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vanishes because of f(t0) = 0 and the second is null since f is a solution of the
focal equation f”(t) + f(t)H(t) = 0. Thus (7) reduces to ∑p

i=1 I(Xi, Xi) = 0.
It follows that there exists Xi with I(Xi, Xi) ≤ 0.

Then, the Lemma 3.4 implies that there exists P -focal points on the
geodesic γ, which contradicts the assumption that M is not compact. It
follows that M has to be compact.

3.4 A compactness theorem

In this Section we prove

Theorem 3.7. Let (M,F ) be a n-dimensional Finsler manifold which sat-
isfies the condition

B+(x, r) ∩B−(x, r) is precompact for all x ∈Mand r > 0 . (3.8)

If there exists a point p ∈ M such that along any geodesic σ : [0,∞) → M

emanating from p and parameterized by arc length t the condition

∫ ∞
0

tαRick(t)dt =∞ (3.9)

holds at least for a k = 1, 2, ..., n − 1 and for some α ∈ [0, 1), then M is
compact.

We divide the proof into three lemmas.

Lemma 3.8. Let (M,F ) be a n-dimensional Finsler manifold which satisfies
the condition

B+(x, r) ∩B−(x, r) is precompact for all x ∈Mand r > 0. (3.10)

If there exists a point p ∈ M such that every geodesic ray emanating from p

has a point conjugate to p along the ray, then M is compact.
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Proof. Let Sp be the indicatrix in the point p ∈ M . For each y ∈ Sp issue
the unit speed geodesic from p with the initial unity velocity y. Let cy be
the value of t in the first conjugate point of p and iy the value of t in the
cut point of p. By the hypothesis the set of cy is forwardly bounded from
above and since one has iy ≤ cy it follows that supy∈Sp iy ≤ supy∈Sp cy and
because the diameter of M is less or equal to supy∈Sp iy it comes out that M
is forwardly bounded from the above. As M is closed in its own topology,
by the Hopf-Rinow theorem it is compact.

Before going on we recall that a differential equation

x′′ + h(t)x = 0, (3.11)

where h is continuous function on an interval I is called of Jacobi type and it
is said to be conjugate if there exists a nontrivial solution φ which vanishes
for at least two values t1 and t2 in I.

The equation 3.11 is called oscillatory on [0,∞) if each solution of it on
[0,∞) has arbitrary large, and hence infinitely many zeros. If (7) is oscillatory
then it is conjugate, too.

Lemma 3.9. Suppose there exists a point p ∈M such that along a geodesic
σ : [0,∞)→M emanating from p and parameterized by the arc length t, the
Jacobi type equation

x′′ + Rick(t)
k

x = 0, (3.12)

is conjugate on [0,∞). Then p has a conjugate point on σ.

Proof. Since the equation 3.12 is conjugate, there exists a nontrivial solution
φ : [0,∞) → R of it such that φ(t1) = φ(t2) = 0 for 0 ≤ t1 < t2. Define a
function f that is null on [0, t1) and coincides with φ for t ∈ [t1, t2].

We consider a gT -orthonormal frame (ei(t)) along σ with each (ei(t))
parallel along σ and en = T . We set Wα(t) = f(t)eα(t), α = 1, 2, . . . , n− 1 .
These Wα are C∞-vector fields on [0, t1] and [t1, t2]. We compute the index
form I(Wα,Wα) on the interval [0, t2). Using DTWα = f ′eα, DTDTWα =
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f ′′eα and the definition of f we get

I(Wα,Wα) = −
∫ t2

0
(f ′′ +K(eα ∧ T )f)f dt. (3.13)

Summing up from 1 to a fixed k = 1, 2, . . . , n− 1 one yields

k∑
α=1

I(Wα,Wα) = −k
∫ t2

0
ff ′′dt−

∫ t2

0
f 2

k∑
α=1

K(eα ∧ T )dt. (3.14)

By the definition of Rick we get

−f 2
k∑

α=1
K(eα ∧ T ) ≤ −f 2Rick(t) (3.15)

and so we obtain

k∑
α=1

I(Wα,Wα) = −k
∫ t2

0
ff ′′dt−

∫ t2

0
f 2Rick(t)dt =

= −k
∫ t2

t1
(φ′′(t) + Rick(t)

k
φ)φ(t)dt = 0,

(3.16)

because φ is a solution of the equation 3.12. Thus there exists at least an
α such that I(Wα,Wα) < 0. We denote that Wα by W and proceed by
contradiction using the Proposition 4. The vector field W satisfies W (t1) =
W (t2) = 0 and it can not be a Jacobi field since is nowhere zero on (t1, t2).
By the Proposition 4 we have 0 = I(J, J) < I(W,W ) < 0 which is a contra-
diction.Thus on the geodesic σ there exists some point conjugate to p.

Theorem 2 from the paper ([Moo55]) by R.A. Moore, in some particular
conditions gives the following

Lemma 3.10. Let be the equation 3.11 with t ∈ [0,∞). If for some α,
0 ≤ α < 1, we have

∫ ∞
0

tαh(t)dt = +∞, (3.17)
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then the equation (3.11) is oscillatory.

Now let us combine the above three Lemmas. By Lemma 3.10, taking
h(t) = Rick(t)

k
, the assumptions of Theorem 8 imply that the equation (3.12)

is oscillatory, hence conjugate. Thus by Lemma 3.9 there exists a point p ∈M
such that each geodesic starting from p has a conjugate point of p. By Lemma
3.8 the Finsler manifold (M,F ) is compact. Thus Theorem 3.7 is proved. �

The observations in the beginning of subsetion 2.2 and the previous the-
orem lead to the following

Theorem 3.11. Let (M,F ) be a forward (resp. backward) complete Finsler
manifold. If there exists a point p ∈ M such that along any along each
geodesic σ : [0,∞) → M emanating from p and parameterized by arc length
t the condition

∫ ∞
0

tαRick(t)dt =∞ (3.18)

holds at least for a k = 1, 2, ..., n−1 and some α ∈ [0, 1), then M is compact.

Remark. If the condition
∫∞

0 tαRick(t)dt = ∞ holds for k = 1, that is
for Ric1 = inf

(P,y)
K(P, y) then the inequalities on Rick from the subsection 2.4

hold for any k = 2, 3, . . . , n− 1.

3.5 An intersection theorem

Theorem 3.12. Let (M,F ) be a n-dimensional Finsler manifold of nonneg-
ative k -Ricci curvature which satisfies the condition

B+(x, r) ∩B−(x, r) is precompact fo rall x ∈Mand r > 0 (3.19)

Let Q be a complete immersed submanifold of dimQ = n−1 and with asymp-
totic index n − 1 and P be a p-dimensional complete, minimal submanifold
of M , with p ≥ k. Suppose that both P and Q are closed, and one of them



48 3. Compactness problems in Finsler geometry

is compact. If M has positive k-Ricci curvature either in all points of P or
in all points of Q then P and Q must intersect.

Proof. Suppose, by contrary, that P and Q do not intersect. From [Kob96]
there exists a normal geodesic γ : [0, l] → M that which is the minimum of
the distance between P and Q (or between Q and P ). This geodesic strikes
P and Q orthogonally with respect to the inner product 〈·, ·〉γ′ and is free of
focal points. Consider now a vector v tangent to P . By the parallel transport
along γ induced by the Cartan connection it give rise to a vector field along
γ and at the endpoint q = γ(l) will be a vector tangent to Q, because Q has
codimension 1.

Consider now a basis of TpP , v1, . . . vp orthonormal with respect to the
inner product 〈·, ·〉γ′(0). The parallel transport induced by the Cartan con-
nection generates the vector fields V1, . . . , Vp which are orthogonal along γ
with respect to the inner product 〈·, ·〉γ′ .

The Morse index form, along each vector field Vi is

I(P,Q)(Vi, Vi) = 〈IPT (Vi, Vi), TH〉T
∣∣∣∣
b
− 〈IQT (Vi, Vi), TH〉T

∣∣∣∣
a

−
∫ l

0
〈∇TH∇THV

H
i +Ω(TH , V H

i )TH , V H
i 〉Tdt.

The minimality of P implies that

p∑
i=1
〈IPT (Vi, Vi), TH〉T = 0 .

From Rick(P ) ≥ 0 and r ≥ k it follows that, for any subset {i1, . . . , ik} ⊂
{1, . . . p} we have

k∑
j=1

K(Eji , T ) ≥ 0

and

p∑
i=1

K(Ei, T ) = r

kCk
r

∑
1≤i1≤···≤ik

k∑
j=1

K(Eij , T ) ≥ 0 .
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Further, the fact thatM has positive k-Ricci curvature either in all points
of P or at all points of Q implies that either

k∑
j=1

K(Eij , T )
∣∣∣∣
0
≥ 0 or

k∑
j=1

K(Eij , T )
∣∣∣∣
l
≥ 0 ,

for any distinct indices. Hence we have either

p∑
i=1

K(Ei, T )
∣∣∣∣
0
> 0 or

p∑
i=1

K(Ei, T )
∣∣∣∣
l
> 0 .

Substituting this in the index form it follows that

p∑
i=1

I(P,Q)(Vi, Vi) = −
p∑
i=1

∫ l

0
K(Ei, T )dt < 0 .

Thus I(P,Q)(Vi, Vi) < 0 for some index i which contradicts the assumption
that γ is of minimal length from P to Q by Lemma 3.4. Hence P and Q

must intersect.

If the Finsler metric is forward (backward) complete it follows

Theorem 3.13. Let (M,F ) be a forward (resp. backward) n-dimensional
Finsler manifold of nonnegative k -Ricci curvature. Let Q be a complete
immersed submanifold of dimQ = n − 1 and with asymptotic index n − 1
and P be a p- dimensional complete, minimal submanifold of M , with r ≥ k.
Suppose that both P and Q are closed, and one of them is compact. If M has
positive k-Ricci curvature either in all points of P or in all points of Q then
P and Q must intersect.
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3.6 Some remarks for Berwald and Riemann
manifolds

A Finsler manifold is called of Berwald type if the Cartan connection does
not depend on the reference vector. In this case the Cartan connection is
a linear connection on the manifold M . In this situation the fact that the
second fundamental form of a submanifold vanishes is equivalent to the fact
that the submanifold is totally geodesic consequently in the Berwald category
one has νf = dimP if and only if P is a totally geodesic submanifold.

It follows that for Berwald manifolds in the Theorems 3.7 and 3.13 we
can replace the condition that the asymptotic index of Q is n− 1 with that
the submanifold Q is a totally geodesic submanifold of dimension n− 1.

The same situation holds for Riemannian metrics and so our results in
the above mentioned theorems also generalize the reults of Kenmotsu and
Xia in [KX96].



Chapter 4

Injectivity radius and h-parallel
Ricci tensor

4.1 Introduction

Let (M,F ) be a forward geodesically complete connected Finsler manifold
of dimension n. By the Bonnet-Myers Theorem ([BCS00]) if its Ricci scalar
Ric has the following uniform positive lower bound Ric ≥ (n − 1)a > 0,
then M is compact and its diameter d(M) is finite, at most π√

a
. It follows

that no geodesic longer then d(M) can remain minimizing and hence any
geodesic contains a cut point. Thus the injectivity radius at any point of
M is finite. See [Amb61]– [GW14],[Wu13] for variants and generalizations of
the Bonnet-Myers theorem.

We will show that conversely, the finiteness of injectivity radius implies
a bound for the Ricci scalar. More precisely, let ix be the injectivity radius
of a point x ∈ M . The injectivity radius of M is i(M) = infx∈M ix. Let
us denote by Ric(x,y) the Ricci scalar in x ∈ M on the direction given by
the unitary vector y and let SM be the indicatrix bundle of (M,F ). We
shall prove in Section 2 that if the injectivity radius i(M) is finite then the
following inequality holds

51
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inf
(x,y)∈SM

Ric(x,y) ≤ (n− 1) π2

i(M)2 .

In Section 1 we recall the necessary results from Finsler geometry, follow-
ing the books [BCS00], [She01]. In Section 3 we shall assume that the Ricci
tensor Ricij is h− parallel with respect to the Chern-Rund connection, that
is satisfies the equation Ricij|k = 0, where |k means the h− derivative with
respect to the Chern-Rund connection and we prove that if i(M) = ∞, the
Ricci scalar is non-positive on M and if 0 < i(M) <∞ then

sup
(x,y)∈SM

Ric(x,y) ≤ (n− 1) π2

i(M)2 .

Then we show that the same inequality holds in the weaker conditionRicij|k|h =
0 but for the reversible Finsler metrics. In the end two examples of Finsler
manifolds with h− parallel Ricci tensor are provided. The results are from
[Pet17].

4.2 A Ricci Scalar Bound

We shall use the notations, the terminology and results from [BCS00],
[She01] without comments.

Let (M,F ) be a Finsler manifold. The Finsler structure F is a func-
tion F : TM → [0,∞), (x, y) → F (x, y) which is C∞ on the slit tan-
gent bundle TM\0, positively homogeneous in y and whose Hessian matrix

gij := 1
2
∂2F 2

∂yi∂yi
is positive-definite at every point of TM\0.

The Chern-Rund connection of local coefficients Γ i
jk(x, y) is a linear con-

nection in the pull-back bundle π∗TM over TM\0, where π : TM → M is
the natural projection. It is only h-metrical and it has two curvatures Rj

i
kh,

Pj
i
kh.
Let be y a non zero element of TxM . Then gy(x) := g(x, y) = gij(x, y)dxi⊗

dxj is an inner product in TxM which is used to measure lengths and angles.
For a vector field W (t) := W i(t) ∂

∂xi
along a curve σ, whose tangent
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vector field is T , the expression,

DTW =
[
dW i

dt
+W jT k(Γ i

jk(σ, T ))
]
∂

∂xi
(4.1)

is called covariant derivative with reference vector T .

One says that W is parallel long σ if DTW = 0, with reference vector T .
Parallel transport (with reference vector T ) one defines on the standard way.
The parallel transport preserves gT -lengths and angles.

The constant speed geodesics are solutions of DTT = 0, with reference
vector T .

Let σ(t) = expx(tT ), x ∈M, o ≤ t ≤ L be a geodesic of constant speed 1.
One abbreviates g(σ,T ) by gT .

For two continuous and piecewise C∞ vector fields V and W along σ the
index form is

I(V,W ) =
∫ L

0
[gT (DTV,DTW )− gT (R(V, T )T,W )]dt. (4.2)

Here DT is calculated with reference vector T of length 1 and

R(V, T )T := (T jRi
jkhT

h)V k ∂

∂xi

is evaluated at the point (σ, T ).

The index form is bilinear and symmetric.

Let be the flag (a plane in TxM) spanned by the flagpole T and by a unit
vector V which is orthogonal to the flagpole. The flag curvature in the point
(σ(t), T ) and for the said flag is then given by

K(T ∧ V ) = gT (R(V, T )T, V ) = V i(T jRjikhT
h)V k =: V iRikV

k. (4.3)

IfW is a continuous piecewise C∞ vector field such that it is gT− orthogonal



54 4. Injectivity radius and h-parallel Ricci tensor

to σ we have

I(W,W ) =
∫ L

0
[gT (DTW,DTW )−K(T ∧W )gT (W,W )]dt, (4.4)

whereK(T∧W ) is the flag curvature of the flag with flagpole T and transverse
edge W .

Let 0 =: t0 < t1 < ... < th := L be a partition of [0, L] such that V and
W are both C∞ on each closed subinterval [ts−1, ts]. Using integration by
parts, one can rewrite the index form as

I(V,W ) := gT (DTV,W )

∣∣∣∣∣∣
L

0

−
h−1∑
s=1

gT (DTV,W )
∣∣∣∣∣
t+s

t−s

−

−
∫ L

0
gT (DTDTV +R(V, T )T,W )dt.

(4.5)

The second term in the right side of the above equality disappears if V is
of the class C∞ along σ. And the first term vanishes if W (0) = W (L) = 0.
A vector field J along σ is said to be a Jacobi field if it satisfies the equation

DTDTJ +R(J, T )T = 0. (4.6)

One says that q = σ(L) is conjugate with p = σ(0) along σ if there exists a
nonzero Jacobi field J along σ which vanishes at p and q i.e. J(0) = J(L) = 0.

We recall from [BCS00] p.182 the following

Proposition 4.1. Let σ(t), 0 ≤ t ≤ r be a geodesic in a Finsler manifold
(M,F ). Suppose no point σ(t), 0 < t ≤ r is conjugate to p := σ(0). Let W
be any piecewise C∞ vector field along σ and let J denote the unique Jacobi
field along σ that has the same boundary values as W . That is, J(0) = W (0)
and J(r) = W (r). Then

I(W,W ) ≥ I(J, J). (4.7)

Equality holds if and only if W is actually a Jacobi field, in which case the
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said J coincides with W .

As an application of this result we obtain the following corollaries.

Corollary 4.2. Let σ(t), 0 ≤ t ≤ r ≤ L be a geodesic in a Finsler manifold
(M,F ). Suppose no point σ(t), 0 < t ≤ r is conjugate to p := σ(0). Let W be
a piecewise C∞ vector field along σ which is nowhere 0 on (0, r) and satisfies
W (0) = W (r) = 0 and I(W,W ) ≤ 0 on [0, L]. Then the geodesic σ(t) must
contain conjugate points for L ≥ r.

Proof. We proceed by contradiction. Suppose that no point σ(t), 0 < t ≤ r

is conjugate to σ(0). By the definition of the conjugate points, the unique
Jacobi field which vanishes at the endpoints of σ(t), 0 ≤ t ≤ r is identically
zero. The vector field W satisfies W (0) = W (r) = 0 and it can not be a
Jacobi field since is nowhere zero on (0, r). By the Proposition 1.1 we have
0 = I(J, J) < I(W,W ) ≤ 0 which is a contradiction. Thus σ(r) or an σ(t)
for t = L > r should be conjugate with σ(0).

Corollary 4.3. Let σ(t), 0 ≤ t ≤ r ≤ L be a geodesic in a Finsler manifold
(M,F ). Suppose no point σ(t), 0 < t ≤ r is conjugate to p := σ(0). Let W be
a piecewise C∞ vector field along σ which is nowhere 0 on (0, r) and satisfies
W (0) = W (r) = 0. Then I(W,W ) > 0 on [0, r].

Proof. One applies the Proposition 1.1 with J = 0.

We shall recall in the Chern connection setting some notions related to
ricci curvature.

Let {l = y
F (x,y) , eα, α = 1, . . . , n − 1} be a gy-orthonormal basis for the

fiber of π∗TM over the point (x, y) ∈ TM\0. With respect to it one has
K(x,y)(l ∧ eα) = gy(R(eα, l)l, eα) = Rαα.

The Ricci scalar denoted by Ric(x,y) is

Ric(x,y) :=
n−1∑
α=1

K(x, y, l ∧ eα) =
n−1∑
α=1

Rαα. (4.8)

If (M,F ) has constant flag curvature c, then

Ric(x,y) = (n− 1)c. (4.9)
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We introduce the k-Ricci curvature Rick following [She01]. For a (k+ 1)-
dimensional subspace V ∈ TxM the Ricci curvature RicyV on V is defined
by

Ricy(V) =
k∑
i=1

gy(Ry(bi), bi) =
k∑
i=1

gy(R(y, bi)y, bi),

where y, (bi)i=1,...,k is an arbitrary orthonormal basis for (V , gy).
Ricy(V) is well-defined and positively homogeneous of degree 2 on V ,

Ricλy(V) = λ2Ricy(V), for λ > 0, y ∈ V .

It is clear from the definition that Ricy(TxM) is nothing but the Ricci
curvature Ric(x,y).

If V = P ⊂ TxM is a tangent plane, for y ∈ V and u ∈ P \ {0} such that
span(y, u) = P and u is gy–orthogonal to y and its gy-norm is 1 then the flag
curvature K(P , y) for the tangent plane P with the flagpole y is

K(P , y) ≡ K(x,y(y ∧ u) = RicyP
F 2(y) .

Consider the following function on M :

Rick(x) := inf
dim (V)=k+1

inf
y∈V

Ricy(V)
F 2(y) ,

the inf being considered over all (k+1)-dimensional subspaces V ⊂ TxM and
y ∈ V \ {0}. From the above definitions it can be seen that

Ric1 ≤ · · · ≤
Rick
k
≤ · · · ≤ Ricn−1

n− 1 , (4.10)

where
Ric1 = inf

(P,y)
K(P, y), Ricn−1 = inf

(x,y)∈SM
Ric(x,y).

The Finsler metric above defined is non-reversible and so the distance de-
fined by it is nonsymmetric.Thus we have to distinguish between forward and
backward geodesically completeness. Recall that (M,F ) is forward geodesi-
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cally complete if all geodesics, parameterized to have constant Finslerian
speed equal to 1, are indefinitely forward extendible.

Let be x ∈M and let σy(t) be the unit speed geodesic that passes through
x at t = 0 with initial velocity y. Since F (x, y) = 1 we have that y ∈ SxM ,
where SxM is the indicatrix of x. We denote by SM the indicatrix bundle
over M . Let be cy := sup{r : no point σy(t), 0 ≤ t ≤ r is conjugate to x}. If
cy is finite (it could be infinite) the point σy(cy) is called the first conjugate
point of x along σy. The conjugate radius of x is cx = infy∈Sx cy and the
conjugate locus of x is the set of points σy(cy) for y ∈ Sx and cy < ∞. The
number iy := sup{r : the segment σy|[0,r] is globally minimizing} is called the
cut value and if iy < ∞ , the point σy(iy) is called the cut point of x along
σy. The injectivity radius in x is defined as ix := infy∈Sx iy. The cut locus
Cutx of x is the set of points σy(iy) for y ∈ Sx and iy <∞. On proves that
iy ≤ cy, hence ix ≤ cx. The injectivity radius of (M,F ) is i(M) = infx∈M ix.

Theorem 4.4. Let M be a forward complete Finsler manifold. Assume that
0 < i(M) <∞. Then

inf
(x,y)∈SM

Ric(x,y) ≤ (n− 1) π2

i(M)2 (4.11)

Proof. Consider (x, y) ∈ SM (recall that SM is the indicatrix bundle over
M) and a real number r such that 0 < r < ix. Let σ be a normalized geodesic
with initial data σ(0) = x and σ̇(0) = y. Let y, e1, . . . , en−1 be a basis of TxM
which is orthonormal with respect to the inner product gT induced by the
Finsler metric (recall that T is the vector field tangent to the geodesic σ; it is
parallel along of σ and T (0) = y).We consider the parallel transport induced
by the Chern- Rund connection and we transport by parallelism along σ each
vector of the basis y, e1, . . . , en−1 from TxM . Thus we get an orthogonal basis
T,E1, ..., En−1 of parallel vector fields along σ. We consider the vector fields
Wα(t) = f(t)Eα(t), α = 1, ..., n − 1 for some non-null function f of class C1

on [0, r] with f(0) = f(r) = 0.
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The Morse Index form along the geodesic σ on interval [0, r] is

I(Wα,Wα) =
∫ r

0
[g(DTWα, DTWα)− g(Wα,Wα)K(T ∧Wα)]dt. (4.12)

Since in the definition of the flag curvature the dimensions of the flag are
irrelevant, that is K(T,W ) = K(T,Eα) and because of DTWα = f ′Eα the
Morse Index form reduces to

I(Wα,Wα) =
∫ r

0

[
(f ′(t))2 − f 2K(T,Eα)

]
dt. (4.13)

Summing up for α = 1, ..., n− 1 we obtain that

∑
α

I(Wα,Wα) =
∫ r

0

[
(n− 1) (f ′(t))2 − f 2(t)Ric(σ(t),T )

]
dt. (4.14)

By the choice of r, the geodesic σ is minimizing on the interval [0, r] and so
no points on the geodesic segment σ([0, r]) are conjugate to σ(0) . Recall that
Wα vanishes in 0 and r. Thus by the Corollary 4.3 we have I(Wα,Wα > 0
for every α. Hence we have ∑α I(Wα,Wα) > 0 and this inequality implies

0 <
∫ r

0

[
(n− 1) (f ′(t))2 − f 2(t)Ric(σ(t),T )

]
dt ≤

∫ r

0

[
(n− 1) (f ′(t))2 − ρf 2(t)

]
dt,

(4.15)
where ρ := inf(x,y)∈SM Ric(x,y).

The inequality (4.15) holds if

ρ ≤ (n− 1)
∫ r

0

[
(f ′(t))2

]
dt∫ r

0

[
(f(t))2

] dt.

The infimum

inf
f∈C1[0,r]

∫ r
0

[
(f ′(t))2

]
dt∫ r

0

[
(f(t))2

] dt (4.16)

is π2

r2 by the Wirtinger Inequality and we have
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inf
(x,y)∈SM

Ric(x,y) ≤ (n− 1)π
2

r2 ,

for all r chosen as in above. If ix is infinite for at least an x then for r →∞
it follows that ρ ≤ 0 and this inequality is true because of the Bonnet-Myers
Theorem. So we may suppose that ix is finite for all x ∈ M . Recalling that
i(M) = infx∈M ix it follows that i(M) ≤ r , hence

inf
(x,y)∈SM

Ric(x,y) ≤ (n− 1) π2

i(M)2 .

Corollary 4.5. Let M be a forward complete Finsler manifold such that
0 < i(M) <∞. Then

Rick(x) ≤ k
π2

i(M)2 . (4.17)

Proof. By we (4.10) have Rick(x) ≤ k
n−1ρ and (4.11) implies (4.17).

Corollary 4.6. Let M be a forward complete Finsler manifold such that
0 < i(M) <∞. If in (4.11) we have the equality then M is compact and the
diameter of M is i(M).

Proof. In the case that (4.11) reduces to equality we have that Ric(x,y) ≥
(n−1) π2

i(M)2 and by the Bonnet-Myers TheoremM is compact with diameter
less then i(M). As for any compact Finsler manifold one has i(M) less then
its diameter, the Corollary follows.

The Chapter II of the book [MPF91] titled "An Inequality ascribed to
Wirtinger and related results" contains a large variety of inequalities related
in a way or another with the Wirtinger Inequality but no proofs are given.
The reader is referred to original papers, hard to be found. Thus for the sake
of completeness we give our proof of the inequality that we have used in the
above.
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Let f be a real function of class C1 on the interval [a, b] and f(a) = f(b) =
0. We consider the functional

I(f) =
∫ b
a f
′2(x)dx∫ b

a f
2(x)dx

,

for all f as above. This is clearly bounded below by zero and so it has a
minimum (inf) ρ ≥ 0. Let f̃(x) = f(x) + εV (x), ε ∈ (−δ, δ), δ > 0 be a C1−
variation of f with fixed end points, that is V (a) = V (b) = 0. A necessary
condition in order that f to be an extremal (minimum in our case) of the
functional I(ε) := I(f̃) is that

dI(ε)
dε
|ε = 0.

Computing the derivative and taking ε = 0 this condition reduces to
∫ b

a
f ′(x)V ′(x)dx = ρ

∫ b

a
f(x)V (x)dx.

An integration by parts in the left hand side gives
∫ b

a
(f”(x) + ρf(x))V (x)dx = 0

and so the extremal has to be solution of the differential equation

f” + ρf = 0.

The general solution of this equation is

f(x) = A cos√ρx+B sin√ρx.

The boundary conditions f(a) = f(b) = 0 show that the integration constant
A and B are solutions of a linear and homogeneous system of two equations.
The determinant of this system should be zero. This condition via some
calculation gives ρ = ( π

b−a)2. As I(f) ≥ ρ, the Wirtinger Inequality follows.



h-Parallel Ricci tensor 61

The equality holds for all functions

f(x) = c sin πx− a
b− a

, c ∈ R.

For a = 0 and b = r > 0 the Wirtinger equality becomes

∫ r

0
f ′2(x)dx ≤ π2

r2

∫ r

0
f 2(x)dx.

The equality holds for all f(x) = c sin π
r
x, c ∈ R.

4.3 h-Parallel Ricci tensor

In the Finslerian setting the Ricci tensor is defined independent of any
Finsler connection by

Ricij := 1
2
∂2F 2Ric(x,y)

∂yi∂yj
,

where Ric(x,y) is Ricci scalar. This is clearly covariant and symmetric. The
Ricci scalar can be recovered from the Ricci tensor by

F 2(x, y)Ric(x,y) = yiyjRicij.

Let |k be the h-covariant derivative with respect to the Chern-Rund con-
nection. Using F|k = 0 and yi|k = 0 one easily find that

F 2Ric|h = yiyjRicij|h, F 2Ric|r|s = yiyjRicij|r|s. (4.18)

From (4.18) it follows that if the Ricci tensor is h-parallel then the Ricci
scalar is h-constant, that is δkRic = 0, where δk = ∂

∂xk
− N i

k(x, y) ∂
∂yi

. Here
N i
k are the local coefficients of the nonlinear connection defined by the given

Finsler structure.
Let now be a curve σ : t→ σ(t) = ((x(t)) on M and σ̇(t) = (ẋ(t)) be its

tangent vector field. A real function L(x.y) on TM defines a function L(t) =
L(x(t), ẋ(t)) and a short computation yields dL

dt
= (δiL)ẋi + (ẍj + N j

i ẋ
i) ∂L
∂yj

.
In particular, if σ is a geodesic parameterized such that F (x(t), ẋ(t)) = 1
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it follows that dL
dt

= (δiL)ẋi. Applying these formulas to the Ricci scalar
Ric(t) = Ricx(t),ẋ(t) along the geodesic σ we get

dRic

dt
= ẋrẋsRicrs|iẋ

i,
d2Ric

d2t
= ẋrẋsRicrs|i|jẋ

iẋj. (4.19)

Let us assume that Ricrs|i|j = 0 and let σ be the normalized geodesic
with initial data σ(0) = x and σ̇(0) = y. By (4.19) it follows that d2Ric

d2t
= 0

and so we have
Ric(t) = at+ b, (4.20)

where a and b are constants depending on the geodesic σ with b = Ric(x,y)

and a = dRic
dt

(0) = yrysRicrs|i(x, y)yi.
Now we consider (4.14) with Ric(t) given by (4.20)and f(t) = sin π

r
t.

Computing the required integral one gets

−4r
∑
α

I(Wα,Wα) = ar3 + 2br2 − 2(n− 1)π2 =: h(r). (4.21)

It follows that the sign of ∑α I(Wα,Wα) is contrary to the sign of the
function h depending on r > 0.

We analyze first the case Ricrs|i = 0, that is the case when the Ricci
tensor is h- parallel. It follows that Ricrs|i|j = 0 and a = 0 for any geodesic
like σ. Conversely, if a = 0 for the normalized geodesics with the initial
condition any pair (x, y) ∈ SM , then the Ricci tensor is h−parallel.

If a = 0 , then h(r)
2 = br2−(n−1)π2. Therefore, we have∑α I(Wα,Wα) ≤

0 if b > 0 and r ≥ π
√

n−1
b
. If it happens that the Ricci scalar is uniformly

bounded below by (n − 1)λ we get ∑α I(Wα,Wα) ≤ 0 for r ≥ π√
λ
. Hence

there exists at least aWα, let denote it byW such that I(W,W ) ≤ 0. By the
Corollary 4.2, every geodesic with length π√

λ
or longer must contain conjugate

points. The conclusions of the Bonnet-Myers Theorem, in the particular case
when the Ricci tensor is parallel, follow.

Now we prove the following theorem.

Theorem 4.7. Let M be a forward complete Finsler manifold with h− par-
allel Ricci tensor. Then we have
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(1) If i(M) =∞, the Ricci scalar is non-positive on M ,

(2) If 0 < i(M) <∞ then

sup
(x,y)∈SM

Ric(x,y) ≤ (n− 1) π2

i(M)2 . (4.22)

Proof. Continuing to analyse the case a = 0, assume that 0 < r ≤ ix. Then
the segment of geodesic σ([0, r]) is minimizing and so it does not contain
conjugate points. By the Corollary 4.3 for any piecewise C∞ vector field W
along σ which is nowhere 0 on (0, r) and satisfies W (0) = W (r) = 0 we have
I(W,W ) > 0 on [0, r]. Hence ∑α I(Wα,Wα) > 0 on [0, r] holds. By (4.21)
with a = 0 and b > 0 necessarily follows r ≤

√
n−1
b
π or equivalently

Ric(x,y) ≤ (n− 1)π
2

r2 . (4.23)

1. If i(M) =∞ then ix =∞ and from (4.23) with r →∞ it follows that
Ric(x,y) ≤ 0 for all (x, y) ∈ SM and since the Ricci scalar is homogenous of
degree zero, the inequality holds on TM .

2. From r < ix and i(M) = infx∈M ix it follows that i(M) ≤ r and
(4.23)implies that Ric(x,y) ≤ (n− 1) π2

i(M)2 . Therefore, (4.22) holds

In the paper [LS] some consequences of the weaker condition Ricrs|i|j = 0
are found but only for Riemannian manifolds. The author proves that if
i(M) 6= 0 this condition is equivalent to the condition Ricrs|i = 0. In the
Finslerian setting there are some reason to think that this fact is no longer
true. However, several results valid for the Riemannian manifolds can be
extended to any Finsler manifold or at least to those Finsler manifolds having
reversible Finsler metric.

Theorem 4.8. Let (M,F ) be a forward complete Finsler manifold satisfying
Ricrs|i|j = 0. If the normalized geodesic σ : [0,∞) → M with the initial
condition (x, y) ∈ SM is a ray, that is each segment of it is minimizing, then
a and b from (4.20) satisfy a < 0, b ≤ 0 , equivalently the Ricci scalar Ric(t)
is decreasing on σ.
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Proof. If σ is a ray, it is minimizing for all r > 0 and so necessarily∑α I(Wα,Wα) >
0 for all r > 0. A study of the sign of the function h from (4.22) shows that
it has constant negative sign on [0,∞), and hence ∑α I(Wα,Wα) > 0 only
when a > 0, b ≤ 0. In this case (4.20) shows that Ric(t) is decreasing on
σ.

Recall that the Finsler metric F is reversible if F (x,−y) = F (x, y) for all
(x, y) ∈ TM . In this case the forward and backward completeness coincide.
The condition of reversibility is quite strong. It excludes the Randers spaces.
Happily it holds for the Riemannian spaces. The following generalization of
the Theorem 4.7 holds.

Theorem 4.9. Let F be a reversible Finsler metric and (M,F ) be a complete
Finsler manifold with Ricrs|i|j = 0. If the injectivity radius i(M) satisfies
0 < i(M) <∞ then

sup
(x,y)∈SM

Ric(x,y) ≤ (n− 1) π2

i(M)2 .

Proof. Let us replace σ with the geodesic having the initial condition (x,−y) ∈
SM . It follows that in 4.21 the constant a should be replaced by −a and the
function h(r) becomes h̃(r) = −ar3 + 2br2− 2(n− 1)π2. For r < ix <∞ the
function h and h̃ should have the same negative sign. Taking their sum one
gets

br2 − (n− 1)π2 < 0. (4.24)

Since σ is not a ray, by the Theorem 4.7 we have b > 0 and (4.24) implies
Ric(x,y) ≤ (n − 1)π2

r2 . Then based on the definition of the injectivity radius
the conclusion follows.

For reversible Finsler metrics we have also the theorem

Theorem 4.10. Let F be a reversible Finsler metric and (M,F ) be a com-
plete Finsler manifold with Ricrs|i|j = 0. If the normalized geodesic σ :
(−∞,+∞) → M is a line, that is each segment of it is minimizing, then
dRic
dt

(0) = 0 and Ric(x,y) ≤ 0.
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Proof. If the geodesic σ is a line, the function h must have constant negative
sign for all r ∈ R. This is possible only if in (4.20) we have a = 0 and b ≤ 0
and the Theorem follows.

In the end we will give two examples of Finsler manifolds having h−
parallel Ricci tensor.

Example 1. Any Finsler manifold of constant flag curvature has h−
parallel Ricci tensor.

Indeed, if the Finsler manifold (M,F ) is of constant flag curvature c, the
Ricci scalar is c(n− 1) and the Ricci tensor is Ricij = c(n− 1)gij. Since the
Chern-Rund connection is h− metrical, it follows that Ricij|k = 0.

Example 2. In Ch. 7 from [She01] a Finsler metric F is called Einstein
if there exists a constant λ such that Ric(x,y) = λF (x, y) . The Finsler
manifold (M,F ) with F an Einstein Finsler metric has h− parallel Ricci
tensor. Indeed, by a direct computation one finds that the Ricci tensor is
given by Ricij = λ

2F (gij + yiyj
F 2 ) and using F|k = 0, gij|k = 0, yi|k = 0 one easily

finds Ricij|k = 0.
Example 3. A large class of examples are provided by affine symmetric

Berwald spaces (see Theorem 5.2 in [Den]).
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Chapter 5

Weinstein’s theorem for Finsler
manifolds

5.1 Introduction

The results in this chapter are from [KP06]. We prove the generalization
of Weinstein’s theorem for Finsler manifolds: an isometry of a compact ori-
ented Finsler manifold of positive flag curvature has a fixed point supposed
that it preserves the orientation of the manifold if its dimension is even, or
reverses it if odd.

Alan Weinstein proved in 1968 [Wei68] that a conformal diffeomorphism
of a compact oriented Riemannian manifold of positive sectional curvature
has a fixed point supposed that it preserves the orientation of the manifold if
its dimension is even, or reverses it if odd. Especially, it is true for isometries.
It is not known whether the theorem is still true for any diffeomorphism.
If yes, this would imply that S2 × S2 does not carry a metric of positive
curvature, since the map which is the antipodal map on each factor preserves
the orientation, and does not have a fixed point.

Weinstein’s theorem implies Synge’s earlier theorem [Syn36] stating that
a compact manifold M with positive sectional curvature is simply connected
if M is orientable and its dimension is even. Synge’s theorem has been
generalized for Finsler manifold by Auslander [Aus55], see also in [BCS00,

67
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p. 221]. The odd dimensional case remained open there.
An isometry of a Finsler manifold is a diffeomorphism f : M → M

which preserves the distance, or equivalently, preserves the Finsler norm of
the tangent vectors. This equivalence, the generalization of Myers-Steenrod
theorem of Riemannian geometry was proved in [Den]. Few other results are
known about isometries of Finsler manifolds. In [Sza81a] Szabó determines
all the non-Riemannian Finsler spaces having a group of motions of the
largest order, and further shows interesting and important results on the
problems of Berwald spaces, scalar curvature and projective flatness.

Our aim is now to prove the following

Theorem 5.1. Weinstein’s Theorem for Finsler manifolds: Let f
be an isometry of a compact oriented positively homogeneous Finsler manifold
M of dimension n. If M has positive flag curvature and f preserves the
orientation of M for n even and reverses the orientation of M for n odd,
then f has a fixed point.

As immediate consequence we obtain Synge’s theorem for both even and
odd dimensions. The proof of the first part is different from that given in
[Aus55; BCS00], and the second assertion was not covered there. Further
consequences of the generalized Weinstein theorem will be described in a
forthcoming paper.

A Finsler manifold is a manifold equipped with a Banach norm F (x, ·)
at each tangent spaces TxM , called a Finsler fundamental function if

1. F (x, y) > 0 ∀x ∈M, y ∈ TM, y 6= 0

2. F (x, λy) = λF (x, y) ∀λ ∈ R+, y ∈ TM

3. F is smooth except on the zero section

4. gij(x, y) =
∂2(1

2F
2)

∂yi∂yj
(x, y) is positive definite for any (x, y) 6= 0.

We remark that in condition (3) the exclusion of the zero section ensures
that the homogeneity does not imply linearity. The last condition implies
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that the indicatrix body is strongly convex, and conversely. Notice that in
condition (2) the homogeneity is supposed for positive λ only, therefore we
deal with positively homogeneous, non-reversible Finsler metrics.

The arc length of a curve γ : [a, b] → M in a Finsler manifold (M,F ) is
defined as

s =
∫ b

a
F (γ(t), γ̇(t)) dt.

From the recent flourishing literature of Finsler geometry, we refer the
reader the books . In the proof we shall utilize the Chern connection. See
for details [BCS00] or [She98]. Specially, we need the Riemann curvature
Ry(u) and the flag curvature K(P, y) for any y ∈ TxM,u ∈ TxM,x ∈ M

with P = span{y, u}. Finsler manifolds with positive flag curvature have
been extensively studied recently. Bryant in [Bry02] and Shen in [She01]
constructed fine examples for such spaces.

5.2 The proof

We follow the line of Weinstein, carefully adapted for Finsler setting.

Suppose that the isometry f has no fixed points:f(x) 6= x for all x ∈M .
Since the manifold M is compact, the function h : M → R given by h(x) =
d(x, f(x)) attains its minimum at a point x ∈M , so h(x) > 0 for all x ∈M .

The completeness of the manifold M implies that there exists a min-
imizing normalized forward geodesic σ : [0, `] → M joining x and f(x).
We show that the curve formed by σ and f ◦ σ gives a forward geodesic.
Consider the forward geodesic f ◦ σ which joins f(x) to f 2(x), and a point
y = σ(t), t ∈ (0, `) on σ between x and f(x). Since f is an isometry,
d(x, y) = d(f(x), f(y)). By the triangle inequality it follows that:

d(y, f(y)) ≤ d(y, f(x)) + d(f(x), f(y))

= d(y, f(x)) + d(x, y)

= d(x, f(x)).
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Since x is a minimum for the function h, we have

d(y, f(y)) = d(y, f(x)) + d(f(x), f(y)),

so, the curve formed by σ and f ◦ σ is a forward geodesic and this implies
that it is smooth, that is

(f ◦ σ)˙(0) = σ̇(`).

Clearly, if a map f is an isometry of (M,F ): F (x, u) = F (f(x), dfx(u))
for x ∈M and u ∈ TxM , i.e. f is an isometry between the Minkowski spaces
(TxM,F (x, ·)) and (Tf (x)M,F (f(x), dfx(·)) (cf. [BCS00]), then, by the chain
rule, we obtain that gij(x, y)(v, w) = gij(f(x), dfx(y))(dfx(v), dfx(w)), i.e. the
isometry of a Finsler space gives rise to an isometry of the fibers over (x, y)
and (f(x), dfx(y)) in π∗TM .

Along a forward geodesic the Chern connection is metric compatible (see
[BCS00], p. 122). This implies that for any forward geodesic σ(t), t ∈ [0, `],
the linearly parallel transport Pσ (see [CS05, p.73]) induced by the Chern
connection along the forward geodesic σ, preserves the inner products gσ̇
along σ, that is

gσ̇(t)(Pc(t)(u), Pc(t)(v)) = gσ̇(0)(u, v), for u, v ∈ Tσ(0)M.

See also [She01], p. 89. This formula means that we have an isometry between
the tangent spaces Tσ(t)M along σ with inner products gσ̇, induced by the
linearly parallel transport.

Denote shortly by P the linearly parallel transport along the forward
geodesic σ between the tangent spaces TxM and Tf(x)M . We can consider its
inverse G = P−1 : Tf(x)M → TxM , which is an isometry, again. We consider
now the map B = G ◦ dfx : TxM → TxM . By the above observations B is
an isometry.
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We have the following relations

B(σ̇(0)) = G ◦ dfx(σ̇(0)) = G((f ◦ σ)˙(0)) = G(σ̇(`)) = σ̇(0).

This means that B leaves σ̇(0) fixed. Let A be the restriction of B to the
gσ̇(0)–orthogonal complement of σ̇(0). A is an isometry and since P is an
isometry which preserves the orientation it follows that

detA = detB = det(G ◦ dfx) = (−1)n,

because of the hypothesis on f and the fact that G preserves the orientation.
By the Lemma from [Car92] p. 203, A leaves a vector invariant. Let E(t) be a
unit linearly parallel vector field along σ such that, E(0) belongs to the gσ̇(0)–
orthogonal complement of σ̇(0) and E(0) is invariant by A: A(E(0)) = E(0).

Next, take the forward geodesic α(s), s ∈ (−ε, ε), such that α(0) = x,
and α̇(0) = E(0). We have dfx(E(0)) = E(`) because G ◦ dfx(E(0)) = E(0),
i.e., the forward geodesic f ◦ α has the property that (f ◦ α)(0) = f(x) and
(f ◦ α)˙(0) = E(`).

Consider now the variation of σ given by

h : (−ε, ε)× [0, `]→M

h(s, t) = expσ(t)(sE(t)), s ∈ (−ε, ε), t ∈ [0, `].

Clearly h(s, 0) = α(s), moreover, we have

h(s, `) = expf(x)(sE(`)) = (f ◦ α)(s),

for (f ◦ α)̇(0) = E(`). It follows then

∂

∂s
expσ(t)(sE(t))|s=0 = E(t),

so the transversal vector of the variation h is linearly parallel transported
along σ.

The second variation formula of the arc-length has the following form
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([She01, p.161])

L′′(0) =
∫ `

0
{gσ̇(∇σ̇E,∇σ̇E)− gσ̇(Rσ̇(E), E)}dt

+gσ̇(`)(κ`(0), σ̇(`))− gσ̇(0)(κ0(0), σ̇(0))

+Tσ̇(0)(E(0))−Tσ̇(`)(E(`))

Here the quantities κ`(0) and κ0(0) are the geodesic curvatures of the transver-
sal curves α(s) for s = 0. Being the transversal curves forward geodesics,
the geodesic curvatures are zero. Furthermore, T represents the T-curvature
(see [She01, p. 153]), which depends on the Finsler metric, only. The points
σ(0) and σ(`) are coupled by the isometry f , moreover, dfx(E(0)) = E(`)
holds, therefore Tσ̇(0)(E(0)) = Tσ̇(`)(E(`)). Finally in the first term ∇σ̇E

is zero along the forward geodesic σ, since E is linearly parallel transported
along σ. By the above observations the second variation formula reduces to

L′′(0) = −
∫ `

0
gσ̇(Rσ̇(E), E)dt = −

∫ `

0
K(P, σ̇)gσ̇(E,E)dt = −

∫ `

0
K(P, σ̇)dt

so the second variation is negative because the flag curvature is positive.
But this contradicts the minimality of σ, the curve which joins x and f(x).
Therefore d(x, f(x)) > 0 is impossible.

5.3 Synge’s theorem for Finsler manifolds

In this section we prove the Synge theorem in the Finslerian context,
using our main result.

Theorem 5.2. Let (M,F ) be a compact Finsler manifold of positive flag
curvature of dimension n.

1. If M is orientable and n is even, then M is simply connected.

2. If n is odd, then M is orientable.

Proof. (1) Consider the universal covering π : M̃ → M and the covering
metric on M̃ . We can choose an orientation on M̃ such that the covering
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map π preserves the orientation. Because M is compact, the flag curvature
is strictly positive, that is, there exists δ > 0 such that the flag curvature
is greater or equal to δ. The same bound on the curvature holds on M̃

because π is a local isometry (see [BCS00], p. 197). Consider now a covering
transformation τ : M̃ → M̃ : π ◦ τ = π. τ is an isometry of M̃ which
preserves the orientation. Because n is even, due to our main theorem τ has
a fixed point, so τ is the identity (because a covering transformation which
has a fixed point is the identity). This implies that the group of covering
transformations reduces to the identity, and thereforeM is simply connected.

(2) Suppose that M is not orientable and consider the orientable double
cover M̃ of M (see [Car92], p. 34), with the covering metric and denote the
covering map by p : M̃ → M . M̃ is compact because it is the double cover
of a compact manifold. Consider a deck transformation τ of M̃ , τ 6= id with
the covering metric, that is p ◦ τ = p. From the unique lifting property of
the covering space and the fact that M is connected, so M̃ is, it follows that
the deck transformation is completely determined by the image of a point,
particularly only the identity transformation of M̃ has fixed points.

Denote by F̃ = p∗F the covering metric, that is F̃ (x̃, ṽ) = F (x, v) where
p(x̃) = x, dp(ṽ) = v. Because p ◦ τ = p and the Finsler metric on M̃ is
the pull back of the metric of M , τ is an isometry of M̃ which reverses the
orientation of M̃ because M is not orientable. Consequently, τ has a fixed
point, for n is odd, which gives a contradiction.

Remark. It is clear that the assumptions (1) of this theorem are really
necessary. Namely, the case of real projective space of dimension 2 shows the
necessity of orientability, and the real projective space of dimension 3 gives
a counterexample for odd dimension. See also [BCS00], page 224.
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Part II

Hardy type inequalities in
Minkowski spaces.
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Chapter 6

Hardy inequality in Minkowski
spaces

6.1 Introduction

There is a very rich literature of different types of Hardy inequalities, see
the very recent books of A.A. Balinsky, W.D. Evans, R.T. Lewis [BEL] and N.
Ghoussoub, A. Moradifam [GM13] and their references. These books contain
very recent results concerning generalizations of the Hardy inequalities with
singularities in the interior of the domain and on the boundary and for general
elliptic operators [GM13]. In the book [BEL12] are presented the Hardy
inequalities using the distance function from points in the domain to the
boundary. These inequalities are proved in Euclidean cases. In many such
results the mean convexity of the domain plays an important role. The well
known Hardy inequality, in the case of domains with boundaries, can be
fomulated by using the distance function from points in the domain to its
boundary. In [LLL12] several Hardy type inequalities are proved in a domain
Ω ⊂ Rn by using the Euclidean metric.

In the case n ≥ 2 most of the Hardy-type results assume that the domain
is convex. There are also some results that show that the Hardy inequality
should hold for non-convex domains too. In [FMT07c] is proved that a
Hardy-Sobolev inequality holds in a small enough tubular neighborhood of

83
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the boundary of a bounded domain. Moreover, in [FMT07a] the authors
proved a Hardy-Sobolev inequaltity on a bounded C2 domain Ω ⊂ Rn+1, n ≥
2 provided that

−∆δ(x) ≥ 0, (6.1)

i.e. the superharmonicity condition holds (Theorem 1.1 and condition (C) in
[FMT07a]).

Moreover, an improved Hardy inequality is demonstrated by Filippas,
Moschini and Tertikas in [FMT07c] for a class of domains satisfying

−div(|x|n−1∇δ(x)) ≥ 0 a.e. in Ω. (6.2)

Both conditions (6.1) and (6.2) are global conditions, they depend on the
properties of the whole domain, so generally they are hard to be verified.
The only examples stated in [FMT07c] satisfying condition (6.2) are balls
BR. Well–known examples which satisfy (6.1) are convex domains. A non–
convex case is the ring torus, as it is studied in Armitage and Kuran [AK85].
In the same example the superharmonicity has been shown to hold a.e. (i.e.
out of a set of measure zero) by Balinsky, Evans and Lewis [BEL12]. Other
non–convex domains on which Hardy-type inequalities hold are small tubular
neighborhoods of a surface [FMT04] and convex domains with punctured
balls [AL].

Next we describe shortly the structure of this chapter see [PV17]. In
Section 6.2 we briefly introduce some basic facts and notions on Minkowski
spaces. The next section, Section 6.3, introduces the very basic geometry
of hypersurfaces in Minkowski spaces. In Section 6.4 we study the distance
function to the boundary in Mikowski spaces. The tools which we develop
here are widely used in the next sections. Among other results we derive the
form of the Hessian of the distance function in principal coordinates. Section
6.5 contains one of the important results of this chapter, the superharmonic-
ity of the distance function in Minkowski spaces. In Section 6.6 we prove
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the main result of the chapter, the improved Hardy-Brezis-Marcus Theorem
in Minkowski spaces, and its relations with mean curvature. Also we give
an explicit way to obtain classes of inequalities of the same type. The re-
sults obtained in this section are twofold extensions of some results obtained
earlier. One side is that we obtain Hardy inequalities in Minkowski spaces,
which generalize main results from [LLL12]. On the other side we explicitly
extend the results from [DBG16], where the strong convexity of the distance
function is assumed. Our results make the bridge between the geometry of
the boundary of the domain (its mean curvature) and the Hardy inequal-
ity. In the last section, in Section 6.7, we apply the Hardy-Brezis-Marcus
Theorem to a minimization problem.

6.2 Preliminary notions and results fromMinkowski
geometry

Denote by 〈·, ·〉 the usual innner product on Rn.

Definition 6.1. A function F : Rn → [0,+∞) is called Minkowski norm if
it satisfies the following properties:

(M1) F ∈ C∞(Rn \ {0});

(M2) F is positively homogeneus of degree one, i.e.

F (tv) = tF (v) for any t ≥ 0 and v ∈ Rn;

(M3) For any x ∈ Rn \ {0} the symmetric bilinear form gx : Rn × Rn → R
defined by

gx(u, v) = 1
2
∂2

∂s∂t
[F 2(x+ su+ tv)]

∣∣∣∣
s=t=0

= 〈Hess2
(
F 2

2

)
(x)x, x〉

is positive definite, where Hess2
(
F 2

2

)
(x) denotes the Hessian of F

2

2
in x.
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The Minkowski norm F is absolutely homogeneous if, in addition,

(M’2) F is positively homogeneus of degree one, i.e.

F (tv) = |t|F (v) for any t ∈ R and v ∈ Rn.

The pair (Rn, F ) is a Minkowski space (see [BC00]), which is the simplest
not necessarily reversible Finsler manifold whose flag curvature is identically
zero, the geodesics are straight lines, and the intrinsic forward distance be-
tween two points x, y ∈ Rn is given by

dF (x, y) = F (y − x). (6.3)

One clearly has that dF (x, y) = 0if and only if x = y, and dF verifies the
triangle inequality. The open forward and backward metric balls with center
in x0 ∈M and radius ρ > 0 are defined by B+(x0, ρ) = {x ∈ Rn : dF (x0, x) <
ρ}, respectively B−(x0, ρ) = {x ∈ Rn : dF (x, x0) < ρ}. In fact (Rn, dF ) is a
quasi-metric space and in general dF (x, y) 6= dF (y, x).

Let

rF = sup
x∈Rn
{F (−x) : F (x) = 1} = sup

x∈Rn

F (x)
F (−x) (6.4)

be the reversibility constant of F , see Rademacher [Rad09]. Another quantity
used is

lF = inf
y∈Rn

lF (y) where lF (y) = inf
y,v,w∈Rn\{0}

gv(y, y)
gw(y, y) ,

which is the uniformity constant of F measuring how far F and F ∗ are from
being inner product structures, see Egloff [Egl97]. All along the chapter Rn?

will denote the dual space of Rn.

Definition 6.2. The dual norm F ? on Rn? is defined by

F ?(ξ) = sup
y∈Rn\{0}

ξ(y)
F (y) . (6.5)

Remark 6.3. It can be proved that the dual norm F ? has the following
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properties:

(DM1) F ?(tξ) = tF ?(ξ) for every t ≥ 0 and ξ ∈ Rn?;

(DM2) F ? is C∞ on Rn? \ {0};

(DM3) For every non-zero ξ ∈ Rn? the induced quadratic form g?η in Rn? is
an inner product, where

g?η(ξ, ζ) := 1
2
∂2

∂s∂t
(F ?2)(η + sξ + tζ))s=t=0 .

The inner products gy and g?ξ defined by F and F ?, respectively, are related
in the following way: If

ξ(y) = F ?(ξ)F (y),

then

ξ(x) = Cgy(y, x) for all x ∈ Rn, (6.6)

η(y) = 1
C
g?ξ(ξ, η) for all η ∈ Rn?, (6.7)

where C = F ?(ξ)
F (y) .

It can be shown that lF ≤ 1, and lF = 1if and only if F is an inner
product, see Ohta [Oht09] (in fact it is proved that for a Finsler manifold the
above equality implies that the Finsler metric is actually a Riemannian one).
In the same manner, we can define the constant lF ∗ for F ∗, and it follows
that lF ∗ = lF . The definition of lF in turn shows that

F ∗2(tα + (1− t)β) ≤ tF ∗2(α) + (1− t)F ∗2(β)− lF t(1− t)F ∗2(β − α) (6.8)

for all x ∈ Rn, α, β ∈ Rn? and t ∈ [0, 1].
A specific non-reversible Finsler structure is provided by the Randers

metric, which will serve to us as a model case. To be more precise, we
introduce on Rn the Minkowski structure F : Rn → [0,∞) defined by

F (y) =
√
h(y, y) + β(y), y ∈ Rn, (6.9)
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where h is an inner product on Rn, β is an 1-form on Rn, and we assume
that

‖β‖h =
√
h∗(β, β) < 1.

Here, the co-metric h∗ can be identified by h−1, the inverse of the symmetric,
positive definite matrix h. Clearly, the Randers metric in (6.9) is symmetricif
and only if β = 0. For the Randers metric (6.9) a direct computation gives
that

rF = 1 + ‖β‖h
1− ‖β‖h

and lF =
(

1− ‖β‖h
1 + ‖β‖h

)2

, (6.10)

see also Yuan and Zhao [YZ13].

Remark 6.4. Let F : Rn → [0,+∞) be a positively homogeneous Minkowski
norm. Then we have rF ≥ 1, lF ∈ (0, 1] and 0 < lF r

2
F ≤ 1.

Remark 6.5. Minkowski metrics can be constructed on products Rn × Rm

as pointed in [CS05]. Let

F (x, y) =

 F1(y1) for y = y1 ⊕ 0 ∈ Rn

F2(y2) for y = 0⊕ y2 ∈ Rm,

where (Rn, F1) and (Rm, F2) are inner product spaces defined in the fol-
lowing manner: Take a C∞ positive and positively homogeneous function
f : [0,∞) × [0,∞) → [0,∞), i.e. f(λs, λt) = λf(s, t) for all λ > 0
and f(s, t) 6= 0 for all (s, t) 6= (0, 0). Define F : Rn × Rm → [0,∞) by
F (y1⊕ y2) =

√
f(F 2

1 (y1), F 2
2 (y2)). It is proved in [CS05, p. 14] that by using

some simple conditions involving the partial derivatives of f one obtains by
this construction a Minkowski metric.

The Minkowski space (Rn, F ) is at the same time a Finsler manifold.
This can be done by assigning the same F to every tangent space of Rn,
obtaining in this way a locally Minkowskian space. All the geodesics are
straight lines, so these spaces are geodesically both forward and backward
complete (surprinsingly even if F is only positively homogeneous, see [BC00]).
We briefly recall the procedure here: A Finsler metric on Rn is called locally
Minkowskian, if at every point x ∈ Rn the metric in the tangent space TxRn
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depends only on y ∈ Rn (i.e it does not depend on x ∈ Rn). The method
used is as follows. First start with a Minkowski norm on Rn. Regard Rn as
a manifold (in fact a linear one). For a tangent vector v based at x ∈ Rn we
translate it parallel along x until it is moved in 0 ∈ Rn. More precisely,

F (x, v) = F

(
x, vi

∂

∂xi

)
:= F

(
vi

∂

∂xi

)
. (6.11)

We consider the polar transform (or, co-metric) of F , defined for every
(x, α) ∈ Rn? by

F ∗(α) = sup
y∈Rn\{0}

α(y)
F (y) . (6.12)

Note, that for every x ∈ Rn the function F ∗(·) is a Minkowski norm on Rn?.
Furthermore, because F ∗2(·) is twice differentiable on Rn? \Rn?{0}, as for F

we consider g?ij(α) := [1
2F

?2(α)]αiαj for every α =
n∑
i=1

αidxi ∈ Rn? \ {0} . In

particular, if F is a Randers metric of the form (6.9), then

F ∗(α) =

√
h?2(α, β) + (1− ‖β‖2

h)‖α‖2
h − h?(α, β)

1− ‖β‖2
h

, α ∈ Rn?, (6.13)

where h∗ denotes the co-inner product acting on Rn? associated to the in-
ner product h. Moreover, the symmetrized Minkowski metric and its polar
transform associated with the Randers metric (6.9) is

Fs(y) =
√
h(y, y) + β2(y), F ∗s (α) =

√√√√‖α‖2
h −

h∗2(α, β)
1 + ‖β‖2

h

. (6.14)

The Legendre transform J∗ : Rn? → Rn associates to each element α ∈
Rn? the unique maximizer on Rn of the map y 7→ α(y)− 1

2F
2(y). This element

can also be interpreted as the unique vector y ∈ Rn with the properties

F (y) = F ∗(α) and α(y) = F (y)F ∗(α). (6.15)
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In particular, if α = ∑n
i=1 α

idxi ∈ Rn?, one has

J∗(α) =
n∑
i=1

∂

∂αi

(1
2F
∗2(α)

)
∂

∂xi
. (6.16)

Next we introduce the Finsler-Laplace operator and the volume form.
Let u : Rn → R be a differentiable function in the distributional sense. The
gradient of u is defined by

∇u(x) = J∗(Du(x)), (6.17)

where Du(x) ∈ Rn? denotes the (distributional) derivative of u at x ∈ Rn.

In local coordinates one has

Du(x) =
n∑
i=1

∂u

∂xi
(x)dxi, (6.18)

∇u(x) =
n∑

i,j=1
g∗ij(Du(x)) ∂u

∂xi
(x) ∂

∂xj
.

In general, u 7→ ∇u is not linear. If x0 ∈ Rn is fixed, then due to Ohta and
Sturm [OS09], one has

F ∗(DdF (x0, x)) = F (∇dF (x0, x)) = DdF (x0, x)(∇dF (x0, x)) = 1 for a.e. x ∈M.

(6.19)

The Busemann or Hausdorff volume is the multiple of the Lebesgue mea-
sure for which the volume of the unit ball equals to the volume of the
Euclidean unit ball of dimension n. Let {ei}i=1,...,n be a basis for Rn and
{dxi}i=1,...,n be its dual basis for R?n Let B(1) = {y = (yi) : F (yiei) < 1} ⊂
Rn. The Hausdorff volume form dm = dVF on Rn is defined by

dm(x) = dVF (x) = σF (x)dx1 ∧ ... ∧ dxn, (6.20)

where σF = ωn
Vol(B(1)) . Vol(S) and ωn are the Euclidean volume of the set

S ⊂ Rn and the n−dimensional unit ball, respectively. The Minkowski-
volume of an open set S ⊂ Rn is VolF (S) =

∫
S
dm(x).
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Buseman proved that this volume coincides with the Hausdorff measure
on the metric space (Rn, dF ). For a Minkowski space (Rn, F ) by (6.20),
VolF (B+(x, ρ)) = ωnρ

n for every ρ > 0 and x ∈ Rn, and σF (x) =constant. If
F is the Randers metric of the form (6.9) on a manifold Rn, then

dVF =
(
1− ‖β‖2

h

)n+1
2 dVh, (6.21)

where dVh denotes the canonical volume form of the inner product h on Rn.
Let

W 1,2(Rn, F,m) =
{
u ∈ W 1,2

loc (Rn) :
∫
Rn
F ∗2(x,Du(x))dm(x) < +∞

}

and let W 1,2
0 (M,F,m) be the closure of C∞0 (M) with respect to the (asym-

metric) norm

‖u‖F =
(∫

M
F ∗2(x,Du(x))dm(x) +

∫
M
u2(x)dm(x)

)1/2
. (6.22)

The symmetrized distance associated to a metric F is

Fs(x, y) =
(
F 2(x, y) + F 2(x,−y)

2

)1/2

, (x, y) ∈ TM.

The metric Fs is reversible, and F is reversibleif and only ifF = Fs. Another
point is that the symmetrized Finsler metric associated with F ∗ may be
different from F ∗s , i.e., in general 2F ∗s 2(x, α) 6= F ∗2(x, α) + F ∗2(x,−α); such
a concrete case is shown for Randers metrics (see [FKV16]).

In this part we will use the following theorem (see [FKV16]):

Theorem 6.6. Let (M,F ) be a complete, n−dimensional Finsler manifold
such that rF < +∞. Then (W 1,2

0 (M,F,m), ‖ · ‖Fs) is a reflexive Banach
space, while the norm ‖ · ‖Fs and the asymmetric norm ‖ · ‖F are equivalent.
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In particular,

(
1 + r2

F

2

)−1/2

‖u‖F ≤ ‖u‖Fs ≤
(

1 + r−2
F

2

)−1/2

‖u‖F for all u ∈ W 1,2
0 (Rn, F,m).

(6.23)

In the above iequality the norm ‖ · ‖Fs is considered also with respect to
the Hausdorff measure dm = dVF (and not with dVFs), i.e.,

‖u‖Fs =
(∫

Rn
F ∗2s (Du(x))dm(x) +

∫
Rn
u2(x)dm(x)

)1/2
. (6.24)

Let

L2(Rn,m) =
{
u : Rn → R : u is measurable, ‖u‖L2(Rn,m) <∞

}
,

where
‖u‖L2 = ‖u‖L2(Rn,m) =

(∫
Rn
u2(x)dm(x)

)1/2
.

It is standard that (L2(Rn,m), ‖ · ‖L2(Rn,m)) is a Hilbert space. Since F ∗2 is a
(strictly) convex function, so is F ∗2s too, and one can prove that (W 1,2

0 (Rn, F,m), ‖·
‖Fs) is a closed subspace of the Hilbert space L2(Rn,m).

Let X be a vector field on Rn. In a local coordinate system (xi), on
account of (6.20), the divergence is defined by div(X) = 1

σF

∂
∂xi

(σFX i). The
Minkowski-Laplace operator

∆u = div(∇u)

acts on W 1,2
loc (Rn) and for every v ∈ C∞0 (Rn),

∫
Rn
v∆udm(x) = −

∫
Rn
Dv(∇u)dm(x), (6.25)

see Ohta and Sturm [OS09] and Shen [She]. Note that in general ∆(−u) 6=
−∆u, unless F is reversible.
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By using (6.15) one has that in (Rn, F )

∆u = ∆Fu = div(F ∗(Du)∇F ∗(Du)) = div(F (∇u)∇F (∇u))

is precisely the Finsler-Laplace operator considered by Cianchi and Salani
[CS09], Ferone and Kawohl [FK09], Wang and Xia [WX11; WX13], see also
their references.

6.3 Hypersurfaces in Minkowski spaces

A Minkwoski space (Rn, F ) is the most common example of a Finsler
space. It inherits the Chern Finsler connection as follows.

For a vector field X = X i ∂
∂xi

the covariant derivative of X along v = vi ∂
∂xi

with respect to w ∈ TM \ {0} is

Dw
v X(x) =

{
vj
∂X i

∂xj
(x) + Γ i

jk(x,w)vjXk(x)
}

∂

∂xi
,

where Γ i
jk(x,w) are the Christofell coefficients of the Chern connection. We

present some facts about hypersurfaces in Minkowski spaces (see also [HS16]).

Let N be a hypersurface in a Minkowski space Rn of class C2. For any
x ∈ N one has that TxN = ker ν for some one form ν ∈ T ∗xM . The image of
this form by the Legendre map is a vector in TxRn \TxN and by considering
it of norm one we obtain exactly two normal vectors nnn± such that

TxN = {X ∈ TxM |gnnn±(nnn±, X) = 0, gnnn±(nnn±,nnn±) = 1}.

As we already mentioned nnn± are exactly J∗(±ν), where ν is a unit one form.
For reversible case one has nnn− = −nnn+. As pointed in [Xia13, p. 103] this is
the anisotropic normal (that is the normal with respect to gnnn).

The volume form dm(x) = dVF (x) = σF (x)dx1∧...∧dxn induces a volume
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form dA on N by

dA = σnnn(u)du1 ∧ ... ∧ dun−1

= σf (u)innn(dx1 ∧ ... ∧ dxn), u ∈ N.

For any tangent vector y ∈ TxN at x ∈ N there exists a unique geodesic
γ in (N,F ) such that the curve γ(t) = φ ◦ γ with γ(0) = x and γ̇(0) = y.
The normal curvature Λnnn(y) with respect to nnn is defined by

Λnnn(y) = gnnn(nnn,Dγ̇
γ̇ γ̇(0)).

One has
Λnnn(y) = F 2(y)gnnn(nnn, h(y)), y ∈ TxN.

Clearly, (N,F ) is a totally geodesicif and only if Λnnn(y) = 0 for all y ∈ TXN ,
where F is the restriction of F to TxN by the identification procedure.

The Weingarten formula with respect to gnnn is given by

Dnnn
Xnnn = ∇̂⊥Xnnn− Ânnn(X),

where X ∈ Γ (TN) and ∇̂⊥ is the induced normal connection. It follows
easily that

∇̂⊥nnn = gnnn(Dnnn
Xnnn,nnn)nnn = 1

2[Xgnnn(nnn,nnn)]nnn = 0.

The gnnn second fundamental and the Weingarten or the shape operator are
defined by

ĥ(X, Y ) = gnnn(nnn,Dnnn
XY ) = ĝ(Ânnn(X), Y ), X, Y ∈ Γ (TN), (6.26)

where ĝ is the pulled back metric (the induced metric by gnnn), Â is linear and
ĥ is bilinear (for the last it can be easily checked in the local coordinates in
N).

The symmetry of ĥ implies that Â is a self-adjoint operator with respect
to ĝ. The eigenvalues k1, . . . , kn−1 of Â are called the principal curvatures
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of N with respect to nnn. Furthermore the basis for which the operator Â
is diagonalizable consists of principal directions. The inverses of principal
curvatures are the principal radii. We remark that in the operator is hidden
the reference vector nnn. In [Xia13, p. 104] these are called the anisotropic
curvatures and their inverses the anisotropic principal radii.

A torsion free connection on N can be defined by

∇̂XY = (Dnnn
XY )> = Dnnn

XY − ĥ(X, Y )nnn, X, Y ∈ Γ (TN). (6.27)

It follws that ∇̂ is a torsion free linear connection on N and it is not the
Levi Civita connection on the manifold (N, ĝ), since it satisfies

∇̂X ĝ(Y, Z) = Xĝ(Y, Z)− ĝ(∆̂XY, Z)− ĝ(Y, ∆̂XZ)

= −2Cnnn(Â(X), Y, Z), X, Y, Z ∈ ∆(TN).

The Gauss-Weingarten formulas still hold:

Dnnn
XY = ∇̂XY = (Dnnn

XY )> + ĥ(X, Y )nnn , (6.28)

Dnnn
Xnnn = −Ânnn(X), X, Y ∈ Γ (TN). (6.29)

In an orthonormal frame {ei}i=1,n with respect to gnnn such that en = nnn define

H :=
n−1∑
a=1

ĥ(ea, ea). (6.30)

H is independent of the choice of the local frame field {ea}a=1,n−1, ĥ and
Ĥ are called the second fundamental form and the mean curvature of N in
(R, F ). From (6.26) one has

H =
n−1∑
a=1

ka,

where ka are the principal curvatures of N .
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Lemma 6.7. [She98] Let (M,F ) be a Berwald manifold. Then we have

Λnnn(X) = ĥ(X,X) = gnnn(nnn,Dnnn
XX) = ĝ(Ânnn(X), X), X ∈ Γ (TN).

The next observation will be one of the main ingredients in working with
the distance function in Minkowski spaces. In Minkowski spaces the geodesics
are segments. Consider a hypersurface N of class C2 in the Minkowski space
(Rn, F ) and a point x ∈ Rn \N , and y ∈ N . The distance between x and y
is d(x, y) = F (y − x). Suppose that there exists z ∈ N such that

dF (x, z) = dF (x,N) = inf
y∈N

dF (x, y) = inf
y∈N

F (y − x) = F (z − x). (6.31)

Because in Minkowski spaces the geodesics are segments it follows that the
vector z−x is orthogonal to the tangent space TzS with respect to the inner
product generated by g(z−x). This means in fact that the normal is collinear
to z−x, and due to the fact that the coefficients of the metric inner product
g(z−x) are zero-homogeneous, it is precisely the inner product gnnn.

Setting Mf = {x ∈ M |df(x) 6= 0} one can define ∇2f(x) ∈ T ∗xM ⊗ TxM
for x ∈Mf by using the covariant derivative

∇2f(v) := D∇f
v ∇f(x) ∈ TxM, v ∈ TxM.

For
D2f(X, Y ) := g∇f (∇2f(x), Y ) = g∇f (D∇f

X (∇f), Y ).

It follows that we have the symmetry

g∇f (D∇f
X (∇f), Y ) = D2f(X, Y ) = D2f(Y,X) = g∇f (D∇f

Y (∇f), X),

for all X, Y ∈ TxM .
In the next we specialized for the case where N is a level set. Let f : U ⊂

M → R be a C2 function such that
N ∩ U = {x ∈ U |f(x) = c};

df(x) 6= 0, x ∈ N ∪ U,
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where U is a neighborhood of x0 ∈ N . Then we have 0 = Y f = g∇f (∇f, Y )
for any y ∈ Γ (T (N ∩ U)).

Therefore, nnn = ∇f
F (∇f) |N∩U is a normal vector of N ∩ U and from the

previous section we have

ĥ(X, Y ) = g∇f (
∇f

F (∇f) , D
∇f
X Y ) = g∇f (Â ∇f

F (∇f)
(X), Y ) (6.32)

= −g∇f (D∇f
X

∇f

F (∇f) , Y ) = − 1
F (∇f)g∇f (D∇f

X ∇f, Y )(6.33)

= − 1
F (∇f)D

2f(X, Y ), X, Y ∈ Γ (TN). (6.34)

Lemma 6.8. Let {ei}i=1,n be an orthonormal g∇f basis such that en = nnn =
∇f

F (∇f) . Then one has

F (∇f)H = −
n−1∑
a=1

D2f(ea, ea) = −
n−1∑
a=1

faa,

where faa = D2f(ea, ea).

From [She] we have the following result, which shows that the mean cur-
vature is the Laplacian of the level set equation in the case of Minkowski
metrics:

Lemma 6.9. Let (Rn, F ) be an Minkowski space and f : M → R be a smooth
function. Then on Mf we have

∆f = trg∇f (D2f) =
∑
i

fii.

6.4 Distance function and Minkowski bound-
ary geometry

Let F be a Minkowski norm on Rn and Ω ⊆ Rn be a domain with C2

boundary ∂Ω. We say that Ω (or ∂Ω) is (strictly) mean convex if the mean
curvature H(y) > 0 for all y ∈ ∂Ω; and weakly mean convex if H(y) ≥ 0 for
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all y ∈ ∂Ω. See also [CM07] for an approach to the distance to the boundary
in Minkowski spaces.

Definition 6.10. Let δ(x) = inf
y∈Rn\Ω

dist(x, y) denote the distance from x ∈ Ω

to ∂Ω. For x ∈ Ω let N∂Ω(x) = {y ∈ ∂Ω : δ(x) = dist(x, y)}. If N∂Ω(x) is a
point, it will be denoted by N(x).

The distance function has been studied by many authors in the Finslerian
context (see [LN05; TS16; Win14]).

Let G be the largest open subset of Ω such that for every x ∈ G there is
a unique closest point y ∈ ∂Ω to x. The length of curves in Ω going from
∂Ω to x are measured in the Minkowski metric.

From [LN05] we have that the distance function from ∂Ω to x is in
C1,1(G ∪ ∂Ω).

Definition 6.11. Let G ⊂ Ω be the open subset of Ω such that for every
x ∈ G there exists a unique nearest point on ∂Ω to x. We will call it the
good set. The complement of the good set is called a singular set and is
denoted by S = Ω \G.

Theorem 6.12. [LN05] From every point y ∈ ∂Ω move along the inner
normal until first hitting a point m(y) ∈ S. The length s(y) of the resulting
segment is Lipschitz continuous in y.

S is in fact the cut locus of ∂Ω. It is obtained as follows. From y ∈ ∂Ω
we consider a geodesic segment going into Ω in a normal direction until it
hits a point x = m(y) ∈ S. The point m(y) is called the cut point of y ∈ ∂Ω.
It means that if we go beyond x on the geodesic to any point x′, then x′ has
a closer point in ∂Ω.

The cut point of y ∈ ∂Ω can be alternatively defined as follows: Con-
sider the geodesics from y going into Ω where the initial tangent vector is
the normal direction with respect to the Minkowski metric with unit speed.
Denote it by ξ(y, s), where s is the parameter of the geodesic. The set of
s > 0 satisfying

dist(∂Ω to ξ(y, s)) = s
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is either (0,∞) or (0, s̃(y)] for some 0 < s̃(y) < ∞. In the latter case the
point m̃(y) := ξ(y, s̃(y)) is the cut point of y ∈ ∂Ω, and the collection of all
m̃(y) for all y ∈ ∂Ω is called the cut locus of y ∈ ∂Ω and it is denoted by S̃.
In [LN05] it is proved that m(y) = m̃(y) for all y ∈ ∂Ω and S̃ = S.

Lemma 6.13. Let Ω ⊂ Rn. Suppose that x ∈ G and let y = N(x) be
the nearest point of x to the boundary at y with respect to the outward unit
normal, then

1− δ(x)ki(y) > 0,

for all x ∈ G and for all i = 1, n− 1.

Proof. For x ∈ G consider the Minkowski ball centered at x with radius δ
(i.e. satisfying Bδ(x) ∩ (Rn \ Ω) = {y}). Assume ki > 0, otherwise the
statement is trivial. The principal radius is the reciprocal of the principal
curvature ri := 1

ki
. It is clear that δ(x) ≤ ri. Otherwise the disc of center

x and radius δ(x) in the plane generated by [x, y] and the i-th principal
direction in y ∈ ∂Ω intersects ∂Ω in more than one point in contradiction
with the fact that N(x) is unique. This means that 1− δki ≥ 0.

By Corollary 4.11 in [LN05] there exists ε > 0 such that

xt := N(x) + [δ(x) + t]η(N(x)) ∈ G, 0 < t ≤ ε,

for η(N(x)) = −ν(N(x)) the inward normal at N(x) and

δ(xt) = δ(x) + t.

It means that B(xt, ε) ⊂ G, which implies that 1−δ(x)ki > 1− [δ(x)+ε]ki ≥
0.

Lemma 6.14. Let Ω ⊂ Rn. Then the distance function δ is in C2(G).

Proof. Let y ∈ ∂Ω. Consider nnn(y) and Ty(∂Ω) to be the outer normal and
the tangent hyperplane to ∂Ω at y. By a rotation of coordinates we can
assume that the xn coordinate axis lies in the direction −nnn(y0). There exists
a neighborhood N of y0, such that in it ∂Ω is given by xn = φ(x′), where
x′ = (x1, . . . xn−1), φ ∈ C2(Ty0(∂Ω) ∩N ) and Dϕ(y′0) = 0.
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Consider now the Minkowski metric in this local coordinate system. From
(6.26) in Section 6.3, because the Weingarten operator is selfadjoint we can
choose an orthonormal frame with respect to the inner product induced by
the Minkowski norm with reference vector −nnn(y0) which diagonalise by unit
eigenvectors the second fundamental form. The eigenvalues will be the prin-
cipal curvatures ki. By a further change of coordinates given by nnn(y0) and
the eigenvectors of the second fundamental form (which are in T (y0)), in this
new coordinate system we have

D2ϕ(y′0) = diag[k1, . . . kn−1].

This coordinate system is called the principal coordinate system at y0. At a
point y = (y′, φ(y′)) ∈ ∂Ω ∩N the unit normal vector has the form

nnni = Diφ(y′)√
1 + |Dφ(y′)|2

, i = 1, n− 1, nnnn = −1√
1 + |Dφ(y′)|2

.

Any point x ∈ G is related to its unique closest pointy = N(x) by

x = y − δnnn(y),

where δ(x) = d(x, y) = F (y−x), because in a Minkowski space the geodesics
are lines.

Consider a point x0 ∈ G, and let y0 = N(x0) and consider the principal
coordinate system at y0. Let nnny0 and Ty(∂Ω) be the unit outward normal
and the tangent hyperplane to ∂Ω at y0. We can choose a local chart around
y0 such that the xn coordinate axis lies in the direction −nnn(y0). In a neigh-
borhood V of y0, ∂Ω is given by xn+1 = ϕ(x′), with x′ = (x1 . . . xn−1),
φ ∈ C2(Ty(∂Ω) ∩ V) and Dϕ(y0) = 0. We can choose the local chart to be
the principal one around y0, so, in this coordinates

D2ϕ(y′0) == diag[k1, . . . kn−1]. (6.35)

From the expressions of the unit outward normal vector at the point
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y = (y′, ϕ(y′)) ∈ V ∩ ∂Ω, in the principal coordinate system at y0 it follows
that

Djnnni(y′0) = kiδij, i, j = 1, n− 1. (6.36)

For a point x ∈ G there exists a unique point y = y(x) ∈ ∂G such that
d(x, y) = F (y − x) = δ(x). As we previously observed we have that

x = y − δ(x)y. (6.37)

Next we will show that the above equation defines y and δ as C1 functions
of x.

Let x0 ∈ G and y0 = y(x0) and choose a principal coordinate system at
y0. Consider further the mapping

ggg = (g1, . . . gn−1) : U := V(y0) ∩ Ty0(∂Ω)× R→ Rn (6.38)

given by
ggg(y′, δ) = y − nnn(y)δ, y = (y′, ϕ(y′)).

We have ggg ∈ C1(U). The Jacobian matrix of nnn at (y′, ϕ(y′)) is given by

det[Dggg] = (1− k1δ(x0)) · · · (1− kn−1δ(x0)) > 0. (6.39)

For x ∈ G, it follows from the local inverse mapping theorem that for some
neighborhood M = M(x0) of x0, the mapping y′ is of class C1(M). From
(6.37) we have that Dδ(x) = −nnn(y(x)) = −−nnn(y′(x)) ∈ C1(M) for x ∈M,
therefore δ ∈ C2(G).

In fact the new coordinate system is adapted to the unit eigenvectors of
the second fundamental form.

Lemma 6.15. Let Ω ⊂ Rn. Suppose that x ∈ G and let y = N(x) be the
nearest point on the boundary. Let ki(y), i = 1, . . . n− 1, be the principal
curvatures of the boundary at y, in terms of a principal coordinate system at
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y. For all x ∈ G we have

[D2δ(x)] = diag
[ −k1

1− δk1
, . . . ,

−kn
1− δkn−1

, 0
]
,

where [D2δ(x)] is the Hessian matrix of the distance function and the right–
hand part is a diagonal matrix.

Proof. The proof of Lemma 14.17 in [GT01] runs without change.

By using some algebraic results (Lemma 2.5 and Proposition 2.6 in [LLL12])
we obtain the following proposition:

Proposition 6.16. Let k = (k1, . . . , kn−1) ∈ Rn−1 be the principal curvatures
and let H be the mean curvature of the boundary at a point ∂Ω ∈ C2. Then

n−1∑
i=1

ki
1− δki

≥ nH

n− δH
,

where 1 − δki > 0 for all i = 1, . . . , n − 1, with equalityif and only if k1 =
· · · = kn−1.

From Lemma 6.15 and Proposition 6.16 follows the next result:

Corollary 6.17. Let Ω ∈ Rn. Then for any x ∈ G,

−∆δ(x) ≥ nH(y)
n− δH(y) , (6.40)

where δ(x) := inf
y∈Rn\Ω

dist(x, y) and H(y) is the mean curvature at the nearest
point y = N(x) ∈ ∂Ω of x.

6.5 superharmonicity of the distance function

The main result of this section is the next theorem, which is the main
ingredient for Farfy-Brezis-Marcus type results:
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Theorem 6.18. Let n ≥ 1, Ω ∈ Rn and δ(x) := inf
y∈Rn\Ω

dist(x, y). Then

−∆δ(x) ≥ nH(y)
n− δH(y)

in distributional sense: for any f ∈ C∞0 (Ω), φ ≥ 0, we have

∫
Ω
df(∇δ)dm(x)(x)φ ≥

∫
Ω
f

nH ◦N
n− δH ◦N

dm(x)

where H(y) is the curvature at the nearest point y = N(x) ∈ ∂Ω for points
x ∈ G.

The function (H ◦N)(x) is well defined on G, so it is a well defined L∞-
function due to the fact that Ω \ G has zero Lebesgue measure. The proof
is divided in two parts. First we prove Theorem 6.18 for C2,1 domains, then
for C2 domains.

Proof of Theorem 6.18 when ∂Ω ∈ C2,1. Let z ∈ ∂Ω and

ρ(z) := sup{t|z + tη(z) ∈ G},

where η = −nnn is the inward unit normal. From a point z ∈ ∂Ω move along
the inner normal until first hitting a singular point in S (in fact the cut point
of z). This point will be denoted by m(z). From [LN05] we know that

m(z) := z + ρ(z)η(z) .

Theorem 6.19. (see [IT01; LN05]) The map m and the function ρ in the
above relation are in C0,1

loc (∂Ω).

Corollary 6.20. (see [LN05]) Let Ω ⊂ Rn and S ⊂ Ω be the singular set
defined in Definition 6.11. The Hausdorff measure of the singular set satisfies
Hn−1(S) <∞.

Let x ∈ G = Ω \ S and N(x) be the unique point on ∂Ω such that

δ(x) = d(x,N(x)) ,
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i.e. N(x) is the nearest point on ∂Ω, then δ(x) ∈ C2(G). Consider

h(x) := δ(x)
Λ(x) ,

where Λ(x) = ρ(N(x)), N(x) is the closest nearest point of x to ∂Ω and ρ
is the function in Theorem 6.19. The functions Λ(x) and h(x) are defined
originally on G, but they can be extended by continuity to Ω = G ∪ S by
h(x) = 1 for x ∈ S. So Λ and h are in C0,1

loc (Ω \ S) ∩ C0(Ω). These facts are
consequences of the following lemma:

Lemma 6.21. For all x ∈ S one has

lim
x→x,x∈G

h(x) = 1.

Proof. Let x ∈ S. There exists z ∈ ∂Ω such that:

x = m(z) = z + tη(z)),

where η is the unit inner normal of Ω at z, and d(z,m(z)) = d(x,m(z)) = t.

Consider now a sequence xi ∈ G, xi → x. For every i, ∃! zi = N(xi) ∈ ∂Ω
such that d(xi, zi) = δ(xi). From Corrolary 4.11 of [LN05] it follows that

Λ(xi) ≥ d(xi, zi)⇐⇒ lim inf
i→∞

Λ(xi) ≥ δ(x).

Because m(zi) = zi + tiη(zi) follows that Λ(xi) = ti.

Now we are going to prove by contradiction the following inequality

lim sup
i→∞

Λ(xi) ≤ δ(x).

Suppose that the above inequality does not hold. There exists α > 0 with
Λ(xi) > δ(x) + α for i large enough. So we may assume (by passing to a



superharmonicity of the distance function 105

subsequence) that

zi → ẑ ∈ ∂Ω

Λ(xi) = ti → t̂ ≥ δ(x) + α .

By the continuity of m(z) (see [LN05]) we have

m(zi) = zi + tiη(zi)→ m(ẑ)

andm(ẑ) = ẑ+ t̂η(ẑ). One has that xi → x, xi = zi+ t̃η(zi), and d(zi, x−i) =
ti, ti → t, and finally

x = ẑ + tη(ẑ).

It follows

t̃i = d(xi, zi) = dist(xi∂Ω) ≤ dist(xi, (x)) + dist(x, ∂Ω) = dist(xi, x) + δ(x),

where dist(xix)→ 0. It implies thatt̃δ(x) ≤ t̂− α < t̂. By Corollary 4.11 of
[LN05]

x = z̃ + t̃η(ẑ) ∈ G

(from m(ẑ) = ẑ + t̂η(ẑ)), which gives a contradiction.
Thus it is proved that

lim
i→∞

Λ(xi) = δ(x),

and
lim
x→x

Λ(x) = δ(x)

so the lemma is proved.

Lemma 6.22. The normalized distance function h ∈ C0,1
loc (Ω \ S) ∩ C0(Ω)

and

f(x) =

 0 x ∈ Ω
1 x ∈ S,
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and 0 < h(x) < 1 otherwise.

Let
hε(x) =

∫
B(0,ε)

h(x− y)φε(y)dm(x),

where φε(x) = ε−nφ(x
ε
) is the standard molifier with compact support in an

ε–neighborhood of x and

hε → h in C0
loc(Ω \ S).

Let µ ∈ (0, 1) be fixed, and let λµ be such that they are regular values of
hε, λµ → 1 − µ for ε → 0. It means that for small ε (which depends on µ)
the level sets

Σε := {hε = λε}

are regular smooth hypersurfaces.

Lemma 6.23. Let Ω ∈ Rn. The hypersurface Σε defined above satisfies

lim
ε→0

dist(Σε, {x, h(x) = 1− µ}) = 0. (6.41)

Proof. Suppose, by contrary, that there exist α > 0 and xε ∈ Σε such that

dist(xε, {h = 1− µ}) ≥ α, (6.42)

for a sequence ε → 0. There exists a convergent subsequence of xε, denoted
further again by xε and an x ∈ Rn+1 such that xε → x. The continuity of h
implies that

h(x) = lim
ε→)

hε(xε) = lim
ε→0

λε = 1− µ.

From (6.42) it follows that |xε − x| ≥ α > 0, which contradicts the conver-
gence of xε to x.

For µ ∈ (0, 1
8) there exists (from Lemma 6.23) a positive ε(µ) > 0 such

that
Σε ⊂

{
1− 5µ

4 ≤ h ≤ 1− 3µ
4

}
.
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Lemma 6.24. For any fixed 0 < µ < 1/8 and 0 ≤ ε1(µ), there exists
C(µ) > 0 such that for ε > 0 small enough

gnnnε(nnnε,∇δ) ≥ C(µ) > 0

on all points Σε.

Remark 6.25. In a principal orthonormal frame adapted in a point of Σε

the above inequality takes the form

nnnε ·∇δ ≥ C(µ) > 0.

Proof. In a principal coordinate system the proof reduces to the proof of
Lemma 3.6 in [LLL12].

Proof of Theorem 6.18 for C2,1 domains. By Lemma 6.23 there
exists a sequence of λ → 1− such that Σε := {x ∈ Ω, hε(x) − λε} has C∞

boundary.

The corresponding sets

Ωε := {x ∈ Ω, h(x) < λε}

satisfy ⋃
ε>0

Ωε = G

and gnnnε(nnnε,∇δ) ≥ C(µ) > 0 on ∂Σε, where nnnε is the outer normal to the
boundary of Ωε. The Stokes theorem and the Finslerian version of the diver-
gence theorem (see [She00]) applied in our situation gives

∫
Ω

divXdm(x) =
∫
∂Ω
gnnn(nnn,X)dA .

Using that div(fX) = fdivX + df(X) and applying Stokes’ theorem for
X = f∇δ, using Green’s formula (since δ(x) is C2 on Ωε ⊂ G ∪ ∂Ω) we
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obtain:
∫
∂Ωε

gnnn(nnn, f∇δ)dA =
∫
Ωε

div(f∇δ)dm(x)

=
∫
Ωε
fdiv(∇δ)dm(x) +

∫
Ωε
df(∇δ)dm(x)

=
∫
Ωε
f∆δdm(x) +

∫
Ωε
df(∇δ)dm(x)

and by Lemma 6.24
∫
Ωε
df(∇δ)dm(x) =

∫
∂Ωε

gnnn(nnn, f∇δ)dA−
∫
Ωε
f∆δdm(x)

≥ −
∫
Ωε
f∆δdm(x) ≥

∫
Ωε
f

nH ◦N
n− δH ◦N

dm(x).

The proof is obtained by ε→ 0 in the above inequality. �

Proof of Theorem 6.18 for C2 domains. Let z ∈ ∂Ω and m̃(z) =
z+ ρ̃(z)nnn, where nnn is the unit inner normal at z ∈ ∂Ω amd ρ̃(z) is the largest
number so that

dist(z + tnnn(z), ∂Ω) = t for all t ∈ (0, ρ̃(z)).

The C2 regularity of ∂Ω ensures by Lemma 4.2 in [LN05] that ρ̃(z) ≥ ρ(z),
and thus

B(m(z), z) ⊂ Ω, z ∈ ∂B(m(z), z), ∀z ∈ ∂Ω.

Lemma 6.26. For every h ∈ C2(∂Ω) satisying

0 < h(z) < ρ(z)

let
Σ := {z + h(z)nnn(z)|z ∈ ∂Ω}.
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Then Σ is a C1 hypersurface with

gnnnΣ(z)(nnnΣ(z)∇(x)) > 0 for all x ∈ Σ,

where nnnΣ(z) denotes the outer normal of the boundary of

{z + th(z)nnn(z)|z ∈ ∂Ω, t ∈ (0, 1)}.

Proof. Following [LLL12], for a point z ∈ ∂Ω, one can suppose that ρ(z) = 1.
After a translation and rotation with respect to gnnn we may assume further
that z = 0 and the boundary near 0 is given by

xn = g(x′), x′ = (x1, . . . , xn−1),

where g is a local chart C2 function near 0′ ∈ Rn−1 induced by the principal
coordinate system with g(0′) = 0. In this chart en = nnn and the coordinates
are orthonormal with respect to gnnn. From this special coordinate system the
conclusion follows as in Lemma 3.8 from [LLL12].

Proposition 6.27. Let Ω ⊂ Rn, n ≥ 1 and let G be the good set of Ω. Then

inf
x∈∂G

(−∆δ(x)) = inf
y∈∂Ω

H(y),

where H(y) is the mean curvature of the boundary at y.

Proof. From Lemma 6.15 we have

−∆δ(x) =
n−1∑
i=1

ki(N(x))
1− δki(N(x)) . (6.43)

As a function of δ,
n−1∑
i=1

ki
1− δki

is non-decreasing (if 1− δki > 0 for all i), we
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have from (6.43) that

−∆δ(x) ≥
n−1∑
i=1

ki(N(x)) = H(N(x)) ≥ inf
y∈∂Ω

H(y), x ∈ G.

It follows that
inf
x∈∂G

(−∆δ(x)) ≥ inf
y∈∂Ω

H(y).

On the other hand, for y ∈ ∂Ω and for t > 0 small one has that xt =
y + tnnn(y) ∈ G and from (6.43) that

inf
x∈∂G

(−∆δ(x)) ≤ inf
t→0+
−∆δ(xt) = H(y),

which implies
inf
x∈∂G

(−∆δ(x)) ≤ inf
y∈∂Ω

H(y)

and the proposition is proved.

Theorem 6.28. (Equivalence Theorem) Let Ω ⊂ Rn and δ be the distance
function to the boundary. Then δ is superharmonic function on Ω of the
singular set Sif and only if∂Ω is weakly mean convex.

Proof. If δ is superharmonic, then −∆δ(x) ≥ 0 for all x ∈ G and if Ω is
weakly mean convex, then H(y) ≥ 0 for all y ∈ ∂Ω. With this observations
the proof is a simple consequence of the previous proposition.

6.6 Hardy-Brezis-Marcus inequality in Minkowsky
spaces

Let u ∈ C∞0 (Ω), u2

δ
is a Lipschitz function with compact support in Ω.

We have
∫
Ω
D

(
u2

2δ

)
(∇δ)dm(x) = −

∫
Ω

u2

2δ2Dδ(∇δ)dm(x) +
∫
Ω

u

δ
Du(∇δ)dm(x)

(6.44)

= −
∫
Ω

u2

2δ2dm(x) +
∫
Ω

u

δ2Du(∇δ)dm(x),
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the last eqality comes from F (∇δ) = 1.

Let F ? be the dual of the norm defined on Rn? and α, β ∈ Rn?. The
inequality (F ?(β)− F ?(α))2 ≥ 0 is equivalent to

F ?2(β)− F ?2(α) ≥ 2F ?(α)F ?(β)− 2F ?2(α) ≥ 2g?α(α, β)− 2F ?2(α).
(6.45)

In the inequality (6.45) we consider β = Du and α = u
2δDδ and we obtain

F ?2(Du)− u2

4δ2F
?2(Dδ) ≥ u

δ
F ?(Du)F ?(Dδ)− u2

2δ2F
?2(Dδ) ≥ u

δ
(Du)(∇δ)− u2

2δ2F
?2(Dδ)

which is equivalent to

F ?2(Du)− u2

4δ2 ≥
u

δ
(Du)(∇δ)− u2

2δ2

by using the fundamental inequality (see [BC00, p. 8-9 ]). Integrating the
extreme terms and taking into account that F ?2(dδ) = 1 we obtain

∫
Ω
F ?2(Du)dm(x)−

∫
Ω

u2

4δ2F
?2(Dδ)dm(x) ≥

∫
Ω

u

δ
(Du)(∇δ)dm(x)−

∫
Ω

u2

2δ2F
?2(Dδ)dm(x).

Using (6.44) follows that

∫
Ω
F ?2(Du)dm(x)−

∫
Ω

u2

4δ2F
?2(Dδ)dm(x) ≥

∫
Ω
d

(
u2

2δ

)
(∇(δ))dm(x).

(6.46)

We are ready now to prove the following theorem:

Theorem 6.29. (Improved Hardy-Brezis-Marcus inequality for Minkowski
spaces) Suppose Ω ⊂ Rn is weakly mean convex and assume that H0 :=
infx∈∂ΩH(x) ≥ 0, then for any f ∈ C∞0 (Ω)

∫
Ω
F ?2(Du)dm(x)− 1

4

∫
Ω

u2

δ2 dm(x) ≥ λ(n,Ω)
∫
Ω
u2dm(x),
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where λ(n,Ω) := inf
x∈Ω

−∆δ(x)
2δ(x) ≥ 2

n
H2

0 .

Proof. We apply (6.46) in Theorem 6.18 and we obtain

∫
Ω
F ?2(Du)dm(x)−

∫
Ω

u2

4δ2dm(x) ≥
∫
Ω

nH

n− δH
u2

2δdm(x).

If H0 = 0 the theorem holds. Suppose that H0 > 0. For a ∈ R consider the
function f : R \ {0, a} → R f(t) = 1

at−t2 . For t ∈ (0, a) it follows that

f(t) ≥ 4
a2 , for all t ∈ (0, a).

For a = n
H

and t = δ from Lemma 6.13 it follows that t < a for x ∈ Ω \ S.
Hence for x ∈ G we have H

(n−δH)δ ≥
4H2

n2 and this implies

∫
Ω

nH

n− δH
u2

2δdm(x) ≥
∫
Ω

2
n
H2u2dm(x) (6.47)

using that Ω \ S has zero measure. Using (6.47) in (6.48) we obtain

∫
Ω
F ?2(Du)dm(x)− 1

4

∫
Ω

u2

δ2 dm(x) ≥ 2
n
H2

0

∫
Ω
u2dm(x), (6.48)

which proves the Hardy inequality with λ(n,Ω) ≥ 2
n
H2

0 .

In the last part of this section we present a method to obtain a class of
Hardy type inequalities.

Remark 6.30. We start again with the inequality (6.45),

F ?2(β)− F ?2(α) ≥ 2g?α(α, β)− 2F ?2(α).

For u ∈ C∞0 (Ω) take β = Du and α = v(u, δ)Dδ for a positive function
v ∈ C1(R2). The above inequality writes now (we write v for v(u, δ))

F ?2(Du)− v2F ?2(Dδ) ≥ 2vg?α(Du, δ)− 2v2F ?2(Dδ)

= (2vDu− 2v2Dδ)(∇(δ)).
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The integrability condition in the last therm implies that for v(u, δ) implicitly
defined by ϕ(δ− u

2v , v) = 0, where ϕ ∈ C1(R2), the last therm is the differential
of some function Ψ(u, δ) (i.e. DΨ = 2vDu − 2v2Dδ), so the last inequality
becomes

F ?2(Du)− v2F ?2(Dδ) ≥ DΨ(∇(δ)).

Integrating on Ω we obtain
∫
Ω
F ?2(Du)dm(x)−

∫
Ω
v2F ?2(Dδ)dm(x) ≥

∫
Ω
DΨ(∇(δ))dm(x).

By applying now Theorem 6.18 we obtain
∫
Ω
F ?2(Du)dm(x)−

∫
Ω
v2F ?2(Dδ)dm(x) ≥

∫
Ω

nH

n− δH
Ψdm(x).

6.7 Applications to a minimization problem

In this section we apply Hardy-Brezis-Marcus inequality to prove a sin-
gular Laplace problem.

For µ ∈ R, on the Sobole space W 1,2
0 (Ω,F,m) we define the singular

Finsler-Laplace operator

LµFu = −∆(u)− 1
2
u

δ2 − µu.

We consider the singular Poisson problem L
µ
Fu = κ(x) in Ω;

u = 0 on ∂Ω,
(6.49)

where Ω ⊂ Rn is an open, bounded domain.
The singular energy functional Kµ : W 1,2

0 (Ω,F,m)→ R associated to the
singular Finsler-Laplace operator is given by

Kµ(u) =
∫
Ω
F ∗2(x,Du(x))dm(x)− 1

4

∫
Ω

u2

δ2 dm(x)− µ
∫
Ω
u2dm(x). (6.50)
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First we shall prove that the energy functional associated to the singular
Finsler-Laplace operator is strictly convex.

Theorem 6.31. Let F be a Minkowski metric on Rn with lF > 0. The
functional Kµ : W 1,2

0 (Ω,F,m)→ R defined by

Kµ(u) =
∫
Ω
F ∗2(x,Du(x))dm(x)− 1

4

∫
Ω

u2

δ2 dm(x)− µ
∫
Ω
u2dm(x) (6.51)

is positive for u 6= 0 and strictly convex whenever 0 ≤ µ < lFλ(n,Ω).

Proof. Let 0 ≤ µ < lFλ(n,Ω). By (6.10), one has 0 ≤ l−1
F ≤ 1. The positivity

of Kµ follows by Theorem 6.29. Let 0 < t < 1 and u, v ∈ W 1,2
0 (Ω,F,m), u 6= v

be fixed. Then, by (6.8) it follows that

Kµ (tu+ (1− t)v) =
∫
Ω
F ∗2(tDu(x) + (1− t)Dv(x))dm(x)− 1

4

∫
Ω

(tu+ (1− t)v)2

δ2 dm(x)

− µ
∫
Ω

(tu+ (1− t)v)2dm(x)

≤ t
∫
Ω
F ∗2(Du(x))dm(x) + (1− t)

∫
Ω
F ∗2(Dv(x))dm(x)

− lF t(1− t)
∫
Ω
F ∗2(D(v − u)(x))dm(x)

1
4

∫
Ω

(tu+ (1− t)v)2

δ2 dm(x)− µ
∫
Ω

(tu+ (1− t)v)2dm(x)

= tKµ(u) + (1− t)Kµ(v)− lF t(1− t)
∫
Ω
F ∗2(D(v − u)(x))dm(x)

+ 1
4t(1− t)

∫
Ω

(v − u)2

δ2 dm(x) + µt(1− t)
∫
Ω

(v − u)2dm(x)

= tKµ(u) + (1− t)Kµ(v)− lF t(1− t)
∫
Ω

[F ∗2(D(v − u)(x)

− l−1
F

1
4

(v − u)2

δ2 − µl−1
F (v − u)2]dm(x)

< tKµ (u) + (1− t)Kµ (v)

the last inequality comes from lF ≥ 1 which is implied by (6.10).

Theorem 6.32. Let F be a Minkowski metric on Rn. Let Ω ⊂ Rn be an
open, bounded domain and κ ∈ L∞(Ω). Then the problem 6.49 has a unique
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non-negative weak solution for every 0 ≤ µ < lFλ(n,Ω).

Proof. Let 0 ≤ µ < lFλ(n,Ω) and consider the energy functional associated
to the Poisson problem 6.49
Eµ : W 1,2

0 (Ω,F,m)→ R given by

Eµ(u) = 1
2Kµ(u)−

∫
Ω
κ(x)u(x)dm(x). (6.52)

One has that Eµ ∈ C1(W 1,2
0 (Ω,F,m),Rn), and its critical points are exactly

the weak solution of problem 6.49. Consider now a ball which contains Ω
(∃R > 0x0 ∈ Rn with Ω ⊂ B+(x0, R)).

Using the same line as in [FKV16] Eµ is bounded from below and coercive
on the reflexive Banach space W 1,2

0 (Ω,F,m) (with the norm induced by Fs).
By the Theorem 6.31, and al these implies that Eµ has a unique (global)
minimum point uµ ∈ W 1,2

0 (Ω,F,m) of Eµ which is also the unique critical
point of Eµ. The comparison principle in [FKV16] (Prop 5.1 in [FKV16] still
holds) that is κ ≥ 0 implies uµ ≥ 0.

Remark 6.33. One of the most important problems related to Hardy-Brezis-
Marcus inequalities is the so called "best constant" problem, see [AFT09;
AW12; BM98; FMT07b; MS00]. In [AFT09] it is obtained the sharp constant
for the Hardy-Sobolev inequality involving the distance to the origin in an
Euclidean space. In [FMT07b] it is shown that the Lp−Hardy inequality
involving the distance to the boundary of a convex domain, can be improved
by adding an Lq norm q ≥ p, with a constant depending on the interior
diameter of Ω. In the next period the problem of the best constant in a
Minkowski spaces will be considered. Also it will be of interest to obtain such
types of results in complete Finsler manifolds.
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Chapter 7

Perspectives and future
research work

The research in global differential geometry of both Finsler and Riemann
spaces will continue, the problems which are presented are modern and im-
portant. Also a lot of further directions can be seen from here.

A direction will be the study of manifolds of positive sectional curvature.
Namely we are very interested if we can change a Riemann (Finsler) metric
by some special diffeomorphisms in such a way that the new metric has same
sign of curvature as the original one.

We are interested to continue the connectedness problems in the case of
some special immersions (for example minimal) and to extend the results to
Kähler-Finsler manifolds.

The compactness criteria will be further studied in order to obtain some
more general and weak conditions which ensure that the manifold is compact.

Related to Hardy-Brezis inequalities we are interested in the "best con-
stant" problem. On the other hand we try to prove the inequality presented
here in the Riemann and Finsler context, and to find others inequalities which
involve curvature properties, both in Riemann and Finsler case.

Another direction in research is given by the papers [MPP15], [MPP16].
Here we intend to obtain some generalized convexity properties in infinite
dimensional case.
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În ultimii ani am participat la mai multe proiect interne si inernaţionale
ca si membru in echipa (în CV este lista ultimilor ani), fiind responsabil cu
partea matematică. Acest fapt demonstreaza disponibilitatea de a lucra in
echipă si capacitatea de a conduce/propune teme actuale. Menţionez ca am
fost referent ştiintific de lucrari de diploma si am articole scrise in colabo-
rare cu studenţi de la master si doctorat de la Facultatea de Automatică şi
calculatore.

Beside the presented work the research activity has an impportant part
in applied mathematics in real-life problems (see the publication list).

In the last years I am involved in several research projects (both national
and international) as team member (see CV). My team role is related to
construct mathematical approaches.

This fact proves that I am a team-worker and that I am able to pro-
pose/conduct mathematical approaches. I was scientific advisor to some
Master Thesis and I have several papers with master and PhD students.

We intend to continue the collaboration with my colleagues from Com-
puter Science department in directions as computer vision, neuroscience etc,
and to initiate a new research group in medical applications.

Many of the papers published in these projects have citations in good
journals([DPN10], [NPM11], [NPM12], [NNP14][NNP15].

Five years ago I started a joint work with a research team from Memorial
Sloan Kettering Cancer Center. In this joint research we wrote some pa-
pers in important journals, one of them being Nature ( [Rod+16], [Jha+14])
and we had some talks in major conferences. This is an important project,
strongly interdisciplinary (experts from chemistry, physics, medical science,
mathematics, informatics are in the team).

The mathematics plays a central place in cancer research and (one can see
for example the strong groups in mathematical oncology at Harvard, MIT,
Viena, etc.).

We are trying to start such a group in Cluj, we need a lot of maths
and math related topics in this field ( mathematics, artificial intelligence,
computer vision, machine learning and pattern recognition, to mention only
some of them ).



REFERENCES 125

References

[DPN10] M. Drulea, I.R. Peter, and S. Nedevschi. “Optical flow a com-
bined local-global approach using L1 norm”. In: 2010, pp. 217–
222. isbn: 9781424482306. doi: 10.1109/ICCP.2010.5606437.
url: https://www.scopus.com/inward/record.uri?eid=2-
s2.0- 78650109025&doi=10.1109%2fICCP.2010.5606437&
partnerID=40&md5=34415f62a31870e845d9139e345e1dfd.

[Jha+14] K. Jhaveri et al. “Heat shock protein 90 inhibitors in the treat-
ment of cancer: Current status and future directions”. In: Ex-
pert Opinion on Investigational Drugs 23.5 (2014), pp. 611–628.
issn: 13543784. doi: 10.1517/13543784.2014.902442. url:
https : / / www . scopus . com / inward / record . uri ? eid = 2 -
s2.0-84898447762&doi=10.1517%2f13543784.2014.902442&
partnerID=40&md5=caa54a9923136f49301d9043276c081b.

[MPP15] Daniela Marian, Ioan Radu Peter, and Cornel Pintea. “A class
of generalized monotone operators”. In: Journal of Mathemati-
cal Analysis and Applications 421.2 (2015), pp. 1827–1843. issn:
0022-247X. doi: https://doi.org/10.1016/j.jmaa.2014.
08.017.

[MPP16] Daniela Marian, Ioan Radu Peter, and Cornel Pintea. “Opera-
tions with monotone operators and the monotonicity of the re-
sulting operators”. In:Monatshefte für Mathematik 181.1 (2016),
pp. 143–168. issn: 1436-5081. doi: 10.1007/s00605-015-0820-
x.

[NNP14] M. Negru, S. Nedevschi, and R.I. Peter. “Exponential image en-
hancement in daytime fog conditions”. In: 2014, pp. 1675–1681.
isbn: 9781479960781. doi: 10.1109/ITSC.2014.6957934. url:
https : / / www . scopus . com / inward / record . uri ? eid = 2 -
s2.0- 84937146392&doi=10.1109%2fITSC.2014.6957934&
partnerID=40&md5=2e46ae487fd3376c1273a954a71c470a.

https://doi.org/10.1109/ICCP.2010.5606437
https://www.scopus.com/inward/record.uri?eid=2-s2.0-78650109025&doi=10.1109%2fICCP.2010.5606437&partnerID=40&md5=34415f62a31870e845d9139e345e1dfd
https://www.scopus.com/inward/record.uri?eid=2-s2.0-78650109025&doi=10.1109%2fICCP.2010.5606437&partnerID=40&md5=34415f62a31870e845d9139e345e1dfd
https://www.scopus.com/inward/record.uri?eid=2-s2.0-78650109025&doi=10.1109%2fICCP.2010.5606437&partnerID=40&md5=34415f62a31870e845d9139e345e1dfd
https://doi.org/10.1517/13543784.2014.902442
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84898447762&doi=10.1517%2f13543784.2014.902442&partnerID=40&md5=caa54a9923136f49301d9043276c081b
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84898447762&doi=10.1517%2f13543784.2014.902442&partnerID=40&md5=caa54a9923136f49301d9043276c081b
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84898447762&doi=10.1517%2f13543784.2014.902442&partnerID=40&md5=caa54a9923136f49301d9043276c081b
https://doi.org/https://doi.org/10.1016/j.jmaa.2014.08.017
https://doi.org/https://doi.org/10.1016/j.jmaa.2014.08.017
https://doi.org/10.1007/s00605-015-0820-x
https://doi.org/10.1007/s00605-015-0820-x
https://doi.org/10.1109/ITSC.2014.6957934
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84937146392&doi=10.1109%2fITSC.2014.6957934&partnerID=40&md5=2e46ae487fd3376c1273a954a71c470a
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84937146392&doi=10.1109%2fITSC.2014.6957934&partnerID=40&md5=2e46ae487fd3376c1273a954a71c470a
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84937146392&doi=10.1109%2fITSC.2014.6957934&partnerID=40&md5=2e46ae487fd3376c1273a954a71c470a


126 7. Perspectives and future research work

[NNP15] M. Negru, S. Nedevschi, and R.I. Peter. “Exponential Contrast
Restoration in Fog Conditions for Driving Assistance”. In: IEEE
Transactions on Intelligent Transportation Systems 16.4 (2015),
pp. 2257–2268. issn: 15249050. doi: 10 . 1109 / TITS . 2015 .
2405013. url: https://www.scopus.com/inward/record.
uri?eid=2-s2.0-84938801358&doi=10.1109%2fTITS.2015.
2405013&partnerID=40&md5=bb41110755cf8db22970a98590c72d74.

[NPM11] S. Nedevschi, I.R. Peter, and A. Mandrut. “Performance pre-
diction using kernel canonical correlation analysis”. In: 2011,
pp. 157–162. isbn: 9781457714788. doi: 10.1109/ICCP.2011.
6047862. url: https://www.scopus.com/inward/record.
uri?eid=2-s2.0-80755125792&doi=10.1109%2fICCP.2011.
6047862&partnerID=40&md5=6d17ce211563dbf2bfa661242ff2a3a1.

[NPM12] S. Nedevschi, I.R. Peter, and A. Mandrut. “PCA type algo-
rithm applied in face recognition”. In: 2012, pp. 167–171. isbn:
9781467329514. doi: 10.1109/ICCP.2012.6356181. url: https:
/ / www . scopus . com / inward / record . uri ? eid = 2 - s2 . 0 -
84871554883&doi=10.1109%2fICCP.2012.6356181&partnerID=
40&md5=ef6d5962a703bb8e1ef2b3aaaedd60bc.

[Rod+16] A. Rodina et al. “The epichaperome is an integrated chaperome
network that facilitates tumour survival”. In: Nature 538.7625
(2016), pp. 397–401. issn: 00280836. doi: 10.1038/nature19807.
url: https://www.scopus.com/inward/record.uri?eid=2-
s2.0-84992436568&doi=10.1038%2fnature19807&partnerID=
40&md5=3dd5420ae001d3a7b0ce9ac8a68f3333.

https://doi.org/10.1109/TITS.2015.2405013
https://doi.org/10.1109/TITS.2015.2405013
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84938801358&doi=10.1109%2fTITS.2015.2405013&partnerID=40&md5=bb41110755cf8db22970a98590c72d74
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84938801358&doi=10.1109%2fTITS.2015.2405013&partnerID=40&md5=bb41110755cf8db22970a98590c72d74
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84938801358&doi=10.1109%2fTITS.2015.2405013&partnerID=40&md5=bb41110755cf8db22970a98590c72d74
https://doi.org/10.1109/ICCP.2011.6047862
https://doi.org/10.1109/ICCP.2011.6047862
https://www.scopus.com/inward/record.uri?eid=2-s2.0-80755125792&doi=10.1109%2fICCP.2011.6047862&partnerID=40&md5=6d17ce211563dbf2bfa661242ff2a3a1
https://www.scopus.com/inward/record.uri?eid=2-s2.0-80755125792&doi=10.1109%2fICCP.2011.6047862&partnerID=40&md5=6d17ce211563dbf2bfa661242ff2a3a1
https://www.scopus.com/inward/record.uri?eid=2-s2.0-80755125792&doi=10.1109%2fICCP.2011.6047862&partnerID=40&md5=6d17ce211563dbf2bfa661242ff2a3a1
https://doi.org/10.1109/ICCP.2012.6356181
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84871554883&doi=10.1109%2fICCP.2012.6356181&partnerID=40&md5=ef6d5962a703bb8e1ef2b3aaaedd60bc
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84871554883&doi=10.1109%2fICCP.2012.6356181&partnerID=40&md5=ef6d5962a703bb8e1ef2b3aaaedd60bc
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84871554883&doi=10.1109%2fICCP.2012.6356181&partnerID=40&md5=ef6d5962a703bb8e1ef2b3aaaedd60bc
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84871554883&doi=10.1109%2fICCP.2012.6356181&partnerID=40&md5=ef6d5962a703bb8e1ef2b3aaaedd60bc
https://doi.org/10.1038/nature19807
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84992436568&doi=10.1038%2fnature19807&partnerID=40&md5=3dd5420ae001d3a7b0ce9ac8a68f3333
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84992436568&doi=10.1038%2fnature19807&partnerID=40&md5=3dd5420ae001d3a7b0ce9ac8a68f3333
https://www.scopus.com/inward/record.uri?eid=2-s2.0-84992436568&doi=10.1038%2fnature19807&partnerID=40&md5=3dd5420ae001d3a7b0ce9ac8a68f3333

	Preface
	I Different aspects of positive curvature in  global Riemann-Finsler geometry.
	Preliminaries
	Fundamentals of real Finsler geometry

	Connectedness principles in positively curved Finsler manifolds
	Introduction
	The main results
	Preliminaries
	Morse Theory on path space
	Index estimates via the asymptotic index
	Some consequences of the main results
	Applications for totally geodesic submanifolds of Berwald manifolds

	Compactness problems in Finsler geometry
	Introduction. k- Ricci curvature 
	Preliminaries
	Some compactness results.
	A compactness theorem
	An intersection theorem
	Some remarks for Berwald and Riemann manifolds

	Injectivity radius and h-parallel Ricci tensor
	Introduction
	A Ricci Scalar Bound
	 h-Parallel Ricci tensor

	Weinstein's theorem for Finsler manifolds
	Introduction
	The proof
	Synge's theorem for Finsler manifolds


	II Hardy type inequalities in Minkowski spaces.
	Hardy inequality in Minkowski spaces
	Introduction
	Preliminary notions and results from Minkowski geometry
	Hypersurfaces in Minkowski spaces
	Distance function and Minkowski boundary geometry
	superharmonicity of the distance function
	Hardy-Brezis-Marcus inequality in Minkowsky spaces
	Applications to a minimization problem


	III Perspectives and future work
	Perspectives and future research work




