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Chapter 1

Summary

The first part of this thesis describes the evolution of the academic career of
the candidate Gheorghe TIGAN and contains brief details about: education, em-
ployment history, teaching activities (seminars and courses taught, respectively,
published books for students), scientific activities such as participation in confer-
ences, workshops, seminars and research stages, coordination of research projects
and research teams, and participation in the reviewing process of research articles
from various international journals.

The second part of the thesis contains a brief description of the main scien-
tific achievements of the candidate for the period following his Ph. D. award to
present. The results are grouped into four sections as follows.
a) The section one describes the results we obtained on periodic, homoclinic
and heteroclinic orbits in several three-dimensional differential systems, namely
in Chen, Lü, T and Shimizu-Morioka systems. For the first three systems we
used a method based on Lyapunov-like functions and showed that the systems
under some constraints of their parameters have neither homoclinic orbits nor
closed orbits but they have heteroclinic orbits. Moreover, for the Chen system
we obtained results on the existence of homoclinic orbits as well, by transforming
the system to a new form and using some known results obtained by a method
of systems comparison. We showed that the Chen system has two symmetrical
homoclinic orbits to the equilibrium point O. For the T system we studied also
periodic orbits arising from Bautin bifurcation. For the Shimizu-Morioka system
we used a different method, namely a method based on detecting the traces left
by the separatrices of a saddle point on certain surfaces. With this method we
could prove the existence of homoclinic orbits in the Shimizu-Morioka system.
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6 CHAPTER 1. SUMMARY

The methods we developed for these systems are fully analytic and can be ap-
plied successfully to other systems provided that adequate conditions are fulfilled.
b) In the second section we give details about the results we obtained on non-
smooth dynamical systems. We studied a two-dimensional discrete non-smooth
system (map), which is continuous but non-differentiable with respect to one of
the variables. The map generalizes in some sense the so-called Nordmark map
which is related to one-dimensional impact oscillators near grazing points. Ex-
amples of impact oscillators range from simple to complex phenomena such as,
a ball bouncing on a vibrating table and a charged particle moving in strong
magnetic fields in tokamaks (experimental devices trying to produce clean energy
similar to the energy released from the Sun). Billiard theory, which refers to
a particle traveling with high speed in a bounded region undergoing recurrent
impacts with the region’s boundary, is another important class of impact oscilla-
tors. We pointed out in the map’s dynamics new types of orbits, such as orbits
with at least two points on the impacting side. A reversed infinite period-adding
cascade of bifurcations when one of map’s parameters decreases continuously be-
tween two values have been also obtained, together with a scenario of alternating
chaos with windows of stability. We presented also a case-study model of impact
oscillators with improper grazing orbits and obtained complete chattering orbits
and incomplete impacting orbits.
c) The third section presents the results we obtained on perturbed Hamilto-
nian systems. We studied firstly a one-and-a-half degrees of freedom perturbed
Hamiltonian system with a quartic unperturbed part and broad perturbation
spectrum. An approximate interpolating Hamiltonian system was firstly studied.
We pointed out results on the behaviour of the Poincaré–Birkhoff or dimerised
chains in their routes to reconnection when the perturbation parameter varies.
A discrete system associated to the full Hamiltonian system was constructed
and studied. Pairs of homoclinic orbits to the same equilibrium point (sand-
glasses) and triple reconnection were particularly revealed. Finally, we used the
scenario of reconnections to explain the destruction of transport barriers in the
non-autonomous system. Secondly, we studied a class of planar Hamiltonian
systems perturbed with general quadratic polynomials in order to identify the
number of limit cycles. In our study we used an approach based on Melnikov
functions of any order and showed that the class of systems can have at most
three limit cycles and the number is reached.
d) In the fourth section we present details on the results we obtained on degen-
erate fold-Hopf bifurcations. We studied degenerate with respect to parameters
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fold–Hopf bifurcations in three-dimensional differential systems. Such degenera-
cies arise when the transformations between parameters leading to a normal form
are not regular at some points in the parametric space. The fold-Hopf bifurca-
tion (or zero-Hopf) occurs in smooth differential systems of minimum dimension
three and having minimum two independent parameters. The hallmark of the
bifurcation is that at certain values of the parameters the linearized system has
an eigenvalue equals to zero and two purely complex eigenvalues. We obtained
new generic results for the dynamics of the systems in such a degenerate frame-
work. The bifurcation diagrams we obtained show that in a degenerate context
the dynamics may be completely different than in a non-degenerate framework.

The third part of the thesis is about the future plans the candidate has to
continue his professional career. He is eager to continue his teaching and research
activities. Besides other activities related to teaching, he plans to support stu-
dents by publishing teaching materials (text books, lecture notes, monographs)
for their use. He aims to develop his scientific research and potential by studying
new research themes and publishing research articles, especially in the field of
dynamical systems theory and their applications. He is particularly interested
in their applications in Engineering, Biology and Medicine. He plans to write
research projects and participate in national and international competitions to
obtain funds for the projects and coordinate research groups. He wants to extend
his present scientific collaborations with new worldwide others.
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Chapter 2

Academic, scientific and
professional career development

2.1 General presentation

2.1.1 Studies and employment

I graduated in Mathematics in 1996 from the Faculty of Mathematics, West Uni-
versity of Timisoara, Romania. My general mean for the five years of study was
9.40 (maximum is 10), respectively, 9.84 for the final licence exams, being ranked
in the first 6% students of the class. One year later in 1997 I obtained a Master
degree in Mathematics. In 2006 I defended my doctoral thesis in Mathematics,
West University of Timisoara, in Dynamical Systems Theory gaining a PhD in
Mathematics.

Since 1998 I have been working at the Department of Mathematics, Po-
litehnica University of Timisoara, Romania, occupying the academic positions
corresponding to age and work experience, namely:
- assistant professor between 1998–2009,
- lecturer between 2009–2015,
- associate professor (conferentiar) from 2015 to present.
During this period I have conducted seminars at various courses in Mathematics
(such as Differential and Integral Calculus, Algebra and Geometry, Probabilities
and Statistics, Computer Assisted Mathematics and others). As a lecturer and
associate professor (from 2009) I have been teaching regular courses for students,
especially, Differential and Integral Calculus and Computer Assisted Mathemat-
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10 CHAPTER 2. CAREER DEVELOPMENT

ics, both in romanian and english.

2.1.2 Research stages

During my employment at the Politehnica University of Timisoara, I alternated
periods of teaching with periods of research stages at several renowned insti-
tutions in other countries, which I will mention briefly below.
1. Research visitor, National Institute of Neuroscience, National Center for
Neurology and Psychiatry (NCNP), Tokyo, Japan, 6 months, 2014. During this
period I studied various mathematical models used in biology, especially in neu-
roscience. I participated also as an observer at several experimental works for
measuring ionic currents in biological neurons. I noticed how action potentials
are formed in real neurons.
2. Research visitor, Department of Mathematics, Shanghai Jiao Tong Univer-
sity, China, 3 months, 2013. Within this internship I made research on fold-Hopf
bifurcations.
3. Research visitor, Department of Mathematics, Sao Paolo University at Sao
Carlos, Brazil, 3 months, 2013. During this period I studied several topics in dy-
namical systems theory such as: mathematical modeling in biology, codimension
2 bifurcations and averaging theory for determining limit cycles.
4. Research visitor, Department of Mathematics, UNICAMP, Brazil, 1 month,
2011. This was a short research stage on topics such as heteroclinic, homoclinic
and closed orbits.
5. Research Associate (Marie Curie fellow) in Dynamical Systems Theory,
Department of Mathematics, Imperial College of London, United Kingdom, 2
years, 07/2009-06/2011. This two year-period of working in research at a presti-
gious European university (ranked in the first 10 universities in the world) had an
important contribution to my career development since, firstly, I could dedicate
myself to research activities in this time and, secondly, I had the opportunity to
interact with other researchers.
6. Postdoc researcher in Dynamical Systems Theory at Ben-Gurion Univer-
sity, Israel, 2007-2008, 12 months. This was also a beneficial period for my future
scientific career since it was my first research stage after I got the Ph.D. degree.

I would also recall here three other research visits that contributed signifi-
cantly toward my doctoral degree.
1. Research studentship offered by the Romanian Government through CNBSS
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to Imperial College London, 2006, 3 months.
2. ”Marie Curie” fellow at Imperial College London, 2004-2005, 12 months.
3. ”Socrates” fellow in Mathematics at the University Claude Bernard, Lyon,
France, 2000, 3 months.

2.1.3 Participation in conferences, workshops and semi-
nars

A list with my presentations given in the last years is the following:
1. Periodic orbits in a non-smooth discrete map. The 15th International Confer-
ence on Applied Mathematics and Computer Science, 5-7 July, 2016, Cluj.
2. Bifurcations in non-smooth impact oscillators. International Conference on
Applied Mathematics and Numerical Methods, April 14-16, 2016, Craiova, Ro-
mania.
3. Bautin bifurcations in the T system. The 14th International Conference on
Mathematics and its Applications, Timisoara, November 5-7, 2015, Romania.
4. Applications of dynamical systems in neuronal models. Workshop on Quantum
Field Theory and Nonlinear Dynamics, 24-28 September 2014, Sinaia, Romania.
5. A case-study model for impact oscillators. The 13th International Conference
on Mathematics and its Applications, Timisoara, November 1-3, 2012, Romania.
6. Analysis of the dynamics near a degenerate grazing point for rigid impact
oscillators. SIAM International Conference, Applications of Dynamical Systems,
Snowbird, May, 2011, USA.
7. Analysis of a class of fold-Hopf bifurcations (seminar), Shanghai Jiao Tong
Univ, July 2013, China.
8. Mathematical models in Neuroscience (seminar), UPT, Timisoara, June 2013,
Romania.
9. Dynamical systems in Neuroscience (seminar), University of Sao Paolo, May
2013, Brazil.
10. Homoclinic bifurcations in dynamical systems (seminar), UNICAMP, 2011,
Brazil.

2.1.4 Participation in research projects

• I was the coordinator of the research project DynSysApll, FP7-PEOPLE-
2012-IRSES-316338, 48 months, october 2012-september 2016. The project
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aimed to bring new knowledge in dynamical systems theory. About 50 re-
searchers from 18 worldwide universities participated in the project.

• In 2008 I proposed a research project in dynamical systems theory and
submitted it to one of the Marie Curie actions within the European Frame-
work Program 7 (FP7). The proposal was successful in a strong compe-
tition with the success rate of about 15%. Its identification details are
FP7-PEOPLE-IEF-2008-235415. I carried out the project at the De-
partment of Mathematics, Imperial College of London, for a period of 2
years, 2009–2011.

• I was the unique researcher on the project 3329/2006 funded by the
Romanian Ministry of Education and Research. I carried out the project
at Imperial College London in 2006 for a period of three months.

• I was a research team member on the FP6 project, HPMT-CT-2001-
00278, for 12 months, 2004-2005, at Imperial College London.

2.2 Coordination of research teams

I have coordinated several research teams made up of 2 to 50 members. I took
the initiative for the scientific research presented in my published papers in most
of these works. For each paper we have formed a team and worked on the those
scientific topics. I supervised the research activity related to these papers. Our
activity led to the following main joint papers:
1. G. Tigan, D. Constantinescu, Bifurcations in a family of Hamiltonian systems
and associated nontwist cubic maps, Chaos, Solitons and Fractals 91, 128–135,
2016.
2. G. Tigan, J. Llibre, Heteroclinic, homoclinic and closed orbits in the Chen
system, International Journal of Bifurcation and Chaos, 26(4), 1–6, 2016.
3. G. Tigan, D. Constantinescu, Heteroclinic orbits in the T and the Lu systems,
Chaos, Solitons and Fractals, 42(1), 20–23, 2009.
4. G. Tigan, D. Opris, Analysis of a 3D dynamical system, Chaos, Solitons and
Fractals, 36(5), 1315–1319, 2008.

I was the general manager of the project FP7-PEOPLE-IEF-2008-235415
for a period of 4 years, 01/10/2012–30/09/2016 with a budget of 500 000 euros. I
was with this project from the beginning to the end. I initiated its creation in 2012
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and supervised all activities during its implementation. The scope of the project
was to bring new knowledge in the field of dynamical systems theory. A consor-
tium of 18 worlwide universities contributed to the project implementation
and about 50 researchers took part in its activities. I coordinated management
and scientific activities within the project. I prepared 5 large scientific reports for
the funding Agency from Brussels and several other financial reports on behalf
of the all consortium partners. In the scientific reports I summarized the results
obtained by all researchers involved in the project.

During the 4 years of project implementation, 7 Workshops have been orga-
nized in the framework of the project where about 100 talks have been presented
by internal and external researchers. Other 100 seminar talks have been delivered
by project participants during this time. A number of about 160 research papers
have been published within the project and about 50 presentations were given in
international conferences.

In the last ten years I have been activating as a scientific referent for about ten
international Journals related to dynamical systems theory such as: International
Journal of Bifurcation and Chaos, Nonlinear Dynamics, Nonlinear Analysis Series
B: Real World Applications, Computers and Mathematics with Applications,
Ecological Modelling, Discrete Dynamics in Nature and Society and others.

I am also a regular reviewer for a) American Mathematical Society, and b)
Zentralblatt/MATH, with a reviewing rate of 10-15 articles per year.
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Chapter 3

Description of the achieved
scientific results

3.1 Bounded orbits in 3D smooth dynamical sys-

tems

Detecting periodic, homoclinic and heteroclinic orbits in dynamical systems gen-
erated by differential or difference equations represents a challenge for this field
of research. It does not exist general methods for detecting analytically orbits
of these types. Such orbits are bounded and their presence in a dynamical sys-
tem contributes highly to the understanding of its dynamics. It is known that
homoclinic and heteroclinic orbits are structurally unstable, that is, small pertur-
bations applied to a system having such orbits destroy the bounded orbits and
may bring chaos in the system. We have approached this subject in several pub-
lished papers. A first method we used is based on Lyapunov-like functions. Using
adequate functions of this type we could study the existence of closed, homoclinic
and heteroclinic orbits in several known dynamical systems, such as the Chen,
Lü and T systems. We have obtained large regions of the parameters where the
systems have or not such bounded orbits. In [120] we reported results on the Lü
and T systems while in [121] on the Chen system. A second method we used is
based on tracking the separatrices of a saddle point. This method was useful for
proving analytically the existence of homoclinic orbits in the Shimizu-Morioka
three-dimensional (3D) system [122]-[123]. The methods we developed in these
works can also be applied to other systems provided that adequate conditions are
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fulfilled.
The authors in [64] present an analysis about similarities and differences be-

tween the Lorenz system, respectively, the Chen, Lü and T systems. They con-
clude that studying Lorenz-like systems is important at least because this stim-
ulates the development of new methods for the analysis of chaotic systems. It
is explained in the paper that important properties of the Lorenz system have
been discovered after studying Lorenz-like systems. The authors ask: what was
known about repulsor (or repellor) in the Lorenz system and the dynamics of
time-reversal Lorenz system before the works [23]-[77] were published ?

The Lü system is considered in [65] a transition system from the Lorenz system
to the Chen system. Based on the concept of nonresonant parametric perturba-
tions, new details about the forming mechanism and its compound structure for
the chaotic Lü attractor are obtained. It is proven that the chaos follows novel
routs in the Lü system: the compression and pull forming mechanism. By this
novel mechanism, the transition from the canonical Lorenz attractor to the Chen
attractor through the Lü attractor is pointed out. The authors conclude: the
scheme herein goes beyond the traditional framework for studying the Lorenz-like
systems, which can be very helpful in generating and analyzing of all similar and
closely related chaotic systems. In a recent paper [143], the authors studied an
open problem related to the global boundedness of the Lü system. It is proven in
the work that the Lü system is globally bounded according to dynamical systems
theory and the bounds are also determined.

The T system [118, 119] received increasing attention in the last ten years.
The authors in [89] propose an image encryption scheme based on our system.
The method uses binary sequences obtained from our chaotic system to construct
a desired cipher stream to encrypt the original image. The results show that
the suggested scheme has some excellent properties and can be used to construct
cryptosystem with high practical security to meet the requirements of Internet on
security, as written in [89]. A detailed Hopf bifurcation analysis of the T system
is presented in [57]. The bifurcation’s direction and the stability of bifurcating
periodic solutions are presented. The analytic results are exemplified by numeri-
cal examples. The work [83] studies a class of Lorenz-like chaotic systems which
contains the T system and investigates the localization problem of compact in-
variant sets. The systems have potential applications in secure communications.
A study of complete chaos synchronization is also performed in the work.



3.1. BOUNDED ORBITS IN 3D SMOOTH DYNAMICAL SYSTEMS 17

3.1.1 Bounded orbits in the Chen system

In this section we present the results we obtained in [121] on closed, homoclinic
and heteroclinic orbits in the Chen system [22], [23]. Using a Lyapunov-like
function, we proved that the system under some constraints of its parameters has
no homoclinic orbits and no closed orbits but it has exactly two heteroclinic orbits
symmetrically with respect to the z-axis. Using results from [13], we obtained
new insights on cases not covered in [77] concerning homoclinic orbits. A similar
approach we used in [120] for the Lü and T systems. A difficult task in these
studies was to identify an adequate Lyapunov-like function. We omit the proofs
in this presentation. They can be found in [120] and [121]. The Lyapunov-like
functions are different for the three systems.

If x1 and x2 are two hyperbolic equilibrium points of a system such that the
stable manifold W s(x1) intersects the unstable manifold W u(x2) then the orbits
belonging to their non-empty intersection

W s(x1) ∩W u(x2) 6= ∅

is called a heteroclinic orbit. If ϕ (t, x0) denotes the heteroclinic orbit then

lim
t→−∞

ϕ (t, x0) = x2 and lim
t→∞

ϕ (t, x0) = x1.

Equally, a heteroclinic orbit may be obtained by intersecting the unstable mani-
fold of x1 with the stable manifold of x2, that is W u(x1) ∩W s(x2) 6= Φ. On the
other hand, a homoclinic orbit to a hyperbolic equilibrium x1 is determined by

W s(x1) ∩W u(x1) 6= ∅.

For a homoclinic orbit ψ (t, x0) we have

lim
t→−∞

ψ (t, x0) = lim
t→∞

ψ (t, x0) = x1.

The Chen system is given by:

ẋ = a(y − x), ẏ = (c− a)x− xz + cy, ż = xy − bz, (3.1)

where a > 0, b > 0 and c > 0 are positive real parameters. The system (3.1) has
the origin O as an equilibrium point for any a, b, c > 0 and it has two more equi-
librium points S1 = (x∗, x∗, 2c−a) and S2 = (−x∗,−x∗, 2c−a), x∗ =

√
b(2c− a),

for 2c > a. Assume also further a > c.
A result reported in [94] brings insights on the boundedness of solutions of

the Chen system. In this regard, the following theorem is reported.
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Theorem 3.1.1. All solutions of the Chen system (3.1) with a > c > 0 and
b > 2c > 0 are globally bounded for t ∈ [0,+∞). In particular, if a > 2c > 0 and
b > 2c > 0, then the system’s solutions (x(t), y(t), z(t))→ (0, 0, 0) as t→ +∞.

The authors in [17] study the problem of forcing the Chen chaotic attractor
to track a desired sinusoidal and chaotic signal when the system’s parameter
values are characterized by uncertainties. The tools combine the theory of robust
regulation and the exact Takagi-Sugeno fuzzy model. As written in the paper, on
the basis of designing a robust controller for each linear subsystem, it is shown
that the aggregated controller assures robust tracking in the presence of variations
on the parameters of each linear subsystems and in the membership functions as
well.

Existence of heteroclinic orbits. The Jacobian matrix of the system (3.1)
at the origin O has the eigenvalues and the corresponding eigenvectors given by:

d1 = 1
2
c− 1

2
a+ 1

2

√
6ac− 3a2 + c2,

u1 =
(

1
2a−2c

(
a+ c−

√
6ac− 3a2 + c2

)
1 0

)T
;

d2 = 1
2
c− 1

2
a− 1

2

√
6ac− 3a2 + c2,

u2 =
(

1
2a−2c

(
a+ c+

√
6ac− 3a2 + c2

)
1 0

)T
;

d3 = −b,
u3 =

(
0 0 1

)T
.

Considering 2c > a > c > 0, it follows that d1 > 0 and d2,3 < 0, that is, the
origin is a saddle point having a one-dimensional unstable manifoldW u

0 and a two-
dimensional stable manifold W s

0 . The tangent unstable subspace TW u
0 is given by

TW u
0 =

{
2(a− c)y =

(
a+ c−

√
6ac− 3a2 + c2

)
x, z = 0

}
.

The unstable manifold W u
0 contains O and is tangent to TW u

0 at the origin. Using
the method of undetermined coefficients in a small neighborhood of the origin we
get

W u
0 =

{
(x, y, z) ∈ R3

∣∣∣∣ y = a1x+O(x2)
z = a1

−2a+b+2aa1
x2 +O(x3)

}
,

where |x| � 1 and a1 = 1
2(a−c)

(
a+ c−

√
6ac− 3a2 + c2

)
.
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Note that W u
0 is indeed tangent to TW u

0 since z′(0) = 0, y′(0) = a1 and the
vector (1, y′(0), z′(0))T is collinear to the direction vector u1 of the line TW u

0 .
Note also that the z-axis is included in W s

0 .
Denote in the following by

φtu0 = (x(t, u0), y(t, u0), z(t, u0))

a solution of the system (3.1) through the initial point u0 = (x0, y0, z0) and by W u
+(

W u
−
)

the positive (negative) branch of the unstable manifold W u
0 corresponding

to x > 0 (x < 0).
Define a Lyapunov-like function of the form

U(x, y, z) = A (y − x)2 +B
(
z − x2/b

)2
+ C

(
x2 − b(2c− a)

)2
.

Choosing A = b− 2a ≥ 0, B = b > 0 and C = 1
2ab

(b− 2a) ≥ 0, it follows that

dU

dt
= −2(b− 2a) (a− c) (x− y)2 − 2

(
bz − x2

)2 ≤ 0. (3.2)

Remark 3.1.1. Different from [77], the Lyapunov function U is defined both for
b > 2a and b = 2a.

Proposition 3.1.1. If 2c > a > c > 0, b ≥ 2a the following assertions are true:
a) If there exist t1 and t2 such that t1 < t2 and U satisfies

U(φt1u0) = U(φt2u0)

then either
• u0 is an equilibrium point of system (3.1), or
• b = 2a and the orbit φtu0 is contained in the parabolic cylinder bz = x2.
b) Assume b > 2a. If

φtu0 → O

as t→ −∞ and x(t, u0) > 0 for some t, then U(O) > U(φtu0) and x(t, u0) > 0,
for all t ∈ R. Consequently u0 ∈ W u

+.

Theorem 3.1.2. Consider 2c > a > c > 0, b > 2a and the above function U.
Then the following assertions are true:
a) The ω-limit of any orbit of the system (3.1) is an equilibrium point. In par-
ticular, the system (3.1) has no closed orbits.
b) System (3.1) has no homoclinic orbits.
c) System (3.1) has exactly two heteroclinic orbits.
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Figure 3.1: a) Two symmetrical heteroclinic orbits for a = 1, b = 2.1, c = 0.8.
(left); b) Two symmetrical homoclinic orbits for a = 1, b = 1.17, c = 0.8 (right).

The proofs can be found in [121].

Existence of homoclinic orbits. Consider in the following the case 2c >
a > c > 0, 2a > b > 0 and make the nonsingular transformation:

u = αx, v = β(y − x), w = γ

(
z − x2

2a

)
,

and the rescaling τ = rt. Then, for some values of α, β and γ (see [121]) the
system (3.1) becomes

u̇ = v,

v̇ = −
(
u2 + w − 1

)
u− λv, (3.3)

ẇ = −σw + δu2,

where λ = a−c
r
, σ = b√

a(2c−a)
, δ = (2a− b)

√
1

a(2c−a)
. Here β = 2arα3 = a

r
α,

γ = 2aα2 and r2 = 1
2α2 . But the system (3.3) is treated in [13] and after a

laborious study and using a method based on systems comparison, the following
result is reported:
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Theorem 3.1.3. For each σ > 0, there is, in the region of positive parameters δ
and λ, a bifurcation curve

{ρ(σ, δ, λ) = 0}
beginning at (0, 0) and going to infinity for δ →∞, corresponding to a homoclinic
orbit to the saddle point O(0, 0, 0) of system (3.3).

It implies that for any a, b, c with 2c > a > c > 0 and 2a > b > 0, the Chen
system (3.1) has two symmetrical homoclinic orbits to the equilibrium point O.
A particular numerical case in this regard is presented in Fig.3.1 b) where the
homoclinic orbits are depicted.

3.1.2 Bounded orbits in the Lü and the T systems

In [120] we obtained results on the the Lü and T systems. The Lü system,
partially investigated in [77], is given by:

ẋ = a(y − x), ẏ = cy − xz, ż = −bz + xy, (3.4)

where a 6= 0, b 6= 0 and c 6= 0 are real parameters. If bc > 0 the system has
three equilibrium points O(0, 0, 0), S1 = (

√
bc,
√
bc, c) and S2 = (−

√
bc,−

√
bc, c).

Consider in the following a, b, c > 0. In this case, the Jacobian matrix of the
system at the origin has the eigenvalues d1 = c > 0, d2 = −a < 0 and d3 = −b <
0, that is, the origin is a saddle point with an 1-dimensional unstable manifold
W u

0 and a 2-dimensional stable manifold W s
0 containing the z-axis. Define a

Lyapunov-like function in the form

V (x, y, z) = A (y − x)2 +B
(
bz − x2

)2
+ C

(
x2 − bc

)2
.

If one chooses A = 2ab (b− 2a) , B = 2a and C = b − 2a with b ≥ 2a, it follows
that

dV

dt
(φtu0) = −2A(a− c) (x(t, u0)− y(t, u0))2 − 2bB

(
bz(t, u0)− x2(t, u0)

)2 ≤ 0.

Based on the function V we obtained the following results. Their proofs can be
found in [120].

Theorem 3.1.4. Consider a > c > 0, b ≥ 2a and the above function V. Then
the following assertions are true:
a) The system (3.4) has no closed orbits;
b) The system (3.4) has no homoclinic orbits.
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Theorem 3.1.5. If a > c > 0 and b ≥ 2a, the system (3.4) has exactly two
heteroclinic orbits.

The T system [118] - [120] is a 3D autonomous polynomial differential system
given by:

ẋ = a(y − x), ẏ = (c− a)x− axz, ż = −bz + xy, (3.5)

with a, b, c real parameters and a 6= 0. If b(c − a)/a > 0, the system has three
equilibria:

O(0, 0, 0), E1(x0, x0, (c− a)/a) and E2(−x0,−x0, (c− a)/a)

with x0 =
√
b(c− a)/a and for b 6= 0, b(c − a)/a ≤ 0 it has only one isolated

equilibrium point, O(0, 0, 0). One can check that, if c > a > 0 and b > 0, the
Jacobian matrix of the system at the origin has the eigenvalues d1 > 0 and
d2,3 < 0, that is, the origin is a saddle point with an 1-dimensional unstable
manifold W u

0 and a 2-dimensional stable manifold W s
0 . The unstable manifold

W u
0 in a small neighborhood of the origin is given by

W u
0 : y = a1x+ ...; z =

a1

b− 2a+ 2aa1

x2 + ... (3.6)

with |x| � 1 and a1 = 1
2a

(
a+
√

4ac− 3a2
)
. The stable manifold W s

0 contains
the z-axis. Define a function in the form

V (x, y, z) = A (y − x)2 +B
(
z − x2/b

)2
+ C

(
x2 − b(c− a)/a

)2
.

Choosing
A = 2b (b− 2a) , B = 2ab2, C = b− 2a

with b ≥ 2a, it follows that

dV

dt
(φtu0) = −2aA (x(t, u0)− y(t, u0))2 − 2B

b

(
bz(t, u0)− x2(t, u0)

)2 ≤ 0.

The following results are reported in [120].

Theorem 3.1.6. Consider c > a > 0, b ≥ 2a and the above function V. Then
the following assertions are true:
a) The system (3.5) has no closed orbits;
b) The system (3.5) has no homoclinic orbits.

Theorem 3.1.7. If c > a > 0 and b ≥ 2a, the system (3.5) has exactly two
heteroclinic orbits.
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3.1.3 Bautin bifurcations in the T system

In this section we present the results reported in [126]. Using the linear transfor-
mation (x, y, z)→ (X1, Y1, Z1),

x = X1 + x0, y = Y1 + x0, z = Z1 − 1 + c/a,

the T system becomes

Ẋ1 = a(Y1 −X1)

Ẏ1 = −ax0Z1 − aX1Z1 (3.7)

Ż1 = x0(X1 + Y1)− bZ1 +X1Y1

when E1 is translated to O. Its characteristic polynomial at O is

P (λ) = λ3 + λ2(a+ b) + bcλ+ 2ab(c− a). (3.8)

We showed that the T system undergoes a Bautin-type bifurcation at E1.
By symmetry, the same bifurcation occurs at E2. Consider further a, b, c 6= 0,
b
a
(c− a) > 0 and ac− 2a2 > 0. Denote by bs = a− 2a2/c for a and c arbitrarily

fixed. Therefore, (3.8) has two purely imaginary roots ±iω at b = bs and because
the eigenvalues are continuous with respect to the parameter b, there exist positive
values b, with |b− bs| small enough, such that the complex eigenvalues of (3.8)
are

λ = α (a, b, c) + iω (a, b, c)

and λ, where ω (a, bs, c) =
√
ac− 2a2 and α (a, bs, c) = 0. The algorithm for

detecting the Bautin bifurcation in our system can be described in the following
steps.

Step 1. Write the system restricted to the center manifold at b = bs.
Step 2. Find the first Lyapunov coefficient `1(0).
Step 3. Determine the expression of the second Lyapunov coefficient `2(0).
For the first two steps we assume that b is the varying parameter while a and c
are arbitrarily fixed. Let us briefly describe the three steps.

Step 1. For b = bs consider the transformation X1

Y1

Z1

 =

 1 − a
ω
qx0 qx0

2a−c
c

− a
ω
x0 0

−2
c

√
c− 2a− b 0 1

 X
Y
Z

 .
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The vectors in the matrix are

v′2 =
v2 + v3

2
=
(
− a
ω
qx0,−

a

ω
x0, 0

)
, v′3 =

v2 − v3

2i
= (qx0, 0, 1)

and

v1 =

(
1,

2a− c
c

,−2

c

√
c− 2a− b

)
,

where v1,

v2 =
(
− a
ω
qx0 + iqx0,−

a

ω
x0, i

)
and v3 =

(
− a
ω
qx0 − iqx0,−

a

ω
x0,−i

)
,

with q = a2

ω2+a2
, are eigenvectors of the Jacobian matrix of (3.8) at O. After

performing the computations, the system (3.8) in complex form with z = Y + iZ,
w = Y − iZ, v = X, reads:

v̇ = 2a
a− c
c

v + g1(v, z, w) (3.9)

ż = −iωz + g2(v, z, w) + ig3(v, z, w),

where
g1(v, z, w) = a200v

2 + a020z
2 + ā020w

2 + a110vz + ā110vw + a011zw,
g2(v, z, w) = b200v

2 + b020z
2 + b̄020w

2 + b110vz + b̄110vw + b011zw,
g3(v, z, w) = c200v

2 + c020z
2 + c̄020w

2 + c110vz + c̄110vw + c011zw.

The coefficients of these expressions can be found in [126]. Assume the equa-
tion of the central manifold is of the form

v = Az2 +Bzw + Cw2 + Ez3 + Fz2w +Gzw2 +Hw3 + ... (3.10)

Deriving this equation and using (3.9) we obtain two forms of v̇ from which we
can determine the coefficients A,B, ..., H (see [126]). Inversing the time t→ −t,
the system on the central manifold reads

ż = iωz − g2(v, z, w)− ig3(v, z, w). (3.11)

Step 2. Using the first three coefficients A,B,C, the first Lyapunov coefficient
`1(0) can be determined from:

`1(0) =
1

2ω2
Re(ωg21 + ig20g11). (3.12)
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In addition, applying the implicit function theorem in (3.8) it follows that

Re

(
dλ

db
|b=bs,λ=i

√
ac−2a2

)
=

1

2
c2 2a− c

2ac2 − 8a2c+ 4a3 + c3
6= 0.

Step 3. Finally, the second Lyapunov coefficient is determined from

12`2(0) =
1

ω
Re g32 +

1

ω2
Im [g20g31 − g11(4g31 + 3g22) (3.13)

−1

3
g02(g40 + g13)− g30g12

]
+

1

ω3
η1 +

1

ω4
η2,

where,

η1 = Re

[
g20

(
g11(3g12 − g30) + g02(g12 −

1

3
g30) +

1

3
g02g03

)
+ g11

(
g02

(
5

3
g30 + 3g12

)
+

1

3
g02g03 − 4g11g30

)]
+ Im(3g20g11)Im g21,

η2 = Im
[
g11g02(g2

20 − 3g20g11 − 4g2
11)
]

+ Im(g20g11)
[
3Re(g20g11)− 2|g02|2

]
.

More details can be found in [126]. Finally, we obtained the following result:

Theorem 3.1.8. If a, b, c 6= 0, b
a
(c−a) > 0, ac−2a2 > 0, 2ac2−8a2c+4a3+c3 6= 0

and `1(0) 6= 0 in (3.12), the T system undergoes a Hopf bifurcation at b = bs.
Moreover, if `1(0) = 0 at b = bs and the second Lyapunov coefficient `2(0) 6= 0 in
(3.13), the T system undergoes a Bautin bifurcation leading to the existence of at
most two limit cycles in a small neighborhood of the equilibrium E1.

3.1.4 Bounded orbits in the Shimizu-Morioka system

In this section we consider the Shimizu-Morioka system [104]

ẋ = y, ẏ = (1− z)x− λy, ż = −α(z − x2)

and describe the results we reported in [122]-[123]. The system is related to an
asymptotic normal form for bifurcations of triply degenerate equilibrium states
and periodic orbits [135, 105]. The system was studied lately in [106, 107, 108,
100, 105]. It has been shown numerically that the system has a Lorenz attractor
[3]. The proof was based on a method from [109]. More details can be found in [98]
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and [110]. In [79] some global dynamical aspects of the Shimizu - Morioka system
are given. A study of the local Hopf bifurcations of codimension one and two in
the Shimizu - Morioka system has been reported in [74]. The authors obtained
results related to the bifurcation diagrams of these kinds of Hopf bifurcation.
The diagrams contribute to the understanding of the qualitative behavior of the
system’s solutions for different values of the parameters.

In [140] it is explored the multifractal, self-similar organization of heteroclinic
and homoclinic bifurcations of saddle singularities in the parameter space of the
Shimizu - Morioka model. It is pointed out the contribution of the Shilnikov
saddle-foci to the complex transformations that underlie the transitions from the
Lorenz attractor to wildly chaotic dynamics. The authors demonstrate how the
original computational technique, based on the symbolic description and kneading
invariants, can disclose the complexity and universality of parametric structures
and their link with nonlocal bifurcations in this representative model.

In our work [122] we provided an analytic (free of computer assistance) proof
of the existence of the homoclinic loops with zero saddle value in this system. The
results can be considered as an important step forward towards a fully analytical
proof of the existence of the Lorenz attractor in the Shimizu - Morioka system.

The homoclinic butterfly here is a pair of homoclinic loops symmetric to each
other by (x, y, z)→ (−x,−y, z). By the symmetry of the system, it is enough to
establish the existence of only one of the loops. The loop is an orbit which tends
to the saddle equilibrium state O(0, 0, 0) when t −→ ±∞. The saddle value σ
is the sum of the positive characteristic exponent at O with the nearest to the
imaginary axis negative one. In order to apply the criterion from [109], we need
σ = 0, which is equivalent to λ = (1 − α2)/α, as one can easily see. From now
on we impose this restriction on α and λ. After scaling the time t → t/α and
y → αy, the system takes the form

ẋ = y, ẏ = (a+ 1)(1− z)x− ay, ż = −z + x2, (3.14)

where a = λ/α = −1 + 1/α2. The main result of this subsection is the next
theorem.

Theorem 3.1.9. There exists a value a0 > 0 such that the system (3.14) at
a = a0 has a homoclinic loop to the saddle point O(0, 0, 0).

We proved the existence of the homoclinic loop by means of a refined version
of the method of systems comparison, developed in [13, 12]. Roughly speaking,
the method consists in finding the traces which the stable and unstable manifolds



3.1. BOUNDED ORBITS IN 3D SMOOTH DYNAMICAL SYSTEMS 27

-2 0 2
-2

-1

0

1

2

x 

 y 

-2 0 2

0.5

1

1.5

2

2.5

3

x 

z 
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of the saddle point leave on a Poincaré section, the surface z = x2 in our case.
Once certain bounds are found for the position of the traces, we show that when
the parameter a varies the two traces meet one another and form a homoclinic
loop. We illustrated numerically and showed that at a0 ' 1.718 the system has
a homoclinic orbit (cf. [106, 107, 108]).

We want to describe briefly the main steps we used towards the proof of the
theorem. We first estimated the unstable manifold. The equilibrium points
of system (3.14) are O(0, 0, 0), O1(1, 0, 1) and O2(−1, 0, 1). The point O(0, 0, 0)
is a saddle with a one-dimensional unstable manifold W u

0 and a two-dimensional
stable manifold W s

0 , and with zero saddle value ( a ≥ 0). The curve W u
0 is divided

by O into two branches, the separatrices. Denote by W u
+ the separatrix which

leaves O towards x > 0. We found that the equation of W u
+ is

y = x− (a+ 1)

3(a+ 4)
x3 + o(x3), z =

1

3
x2 +

2(a+ 1)

45(a+ 4)
x4 + o(x4). (3.15)

A first result is given in the next lemma.

Lemma 3.1.1. For every a ≥ 0, the separatrix W u
+ leaves R at a finite moment

of time by intersecting transversely the surface

S :=
{
y = 0, z > 1,

√
z < x <

√
3z
}
.

After crossing S, the separatrix intersects transversely

S ′ :=
{
x > 0, y < 0, z = x2

}
.

After crossing S ′, it either stays in the region

Q := {x > 0, y < 0, z > x2}

forever, and then it tends to O and forms a homoclinic loop, or it leaves Q by
either transversely intersecting the plane x = 0, or transversely intersecting the
plane y = 0 at x < 1, Figs.3.3.

Its proof can be found in [122]. This lemma allows us to establish the existence
of the sought homoclinic loop at some a0 > 0 in the following way. Let A1 be
the set of parameters a ≥ 0 for which the separatrix W u

+ leaves the region Q by
crossing x = 0, and A2 be the set of parameters a ≥ 0 for which the separatrix
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+ for small and large a. For a = 1 (left), W u

+

crosses first y = 0 at A(1.79, 0.00, 1.73), enters Q : x > 0, y < 0, z > x2 through
B(1.46,−1.30, 2.14) and leaves Q by x = 0 at C(0.00,−1.12, 1.13), while for
a = 10 (right), after crossing y = 0 and entering Q, W u

+ leaves Q by y = 0 at
(0.97, 0.00, 0.99).

W u
+ leaves Q by crossing y = 0, Fig.3.4. Because of the transversality of the

intersection of W u
+ with either plane, the sets A1 and A2 are open (as subsets of

[0,+∞)). Thus, if we prove that both these sets are nonempty, i.e. there exist
a1 ≥ 0 such that W u

+ leaves Q by crossing x = 0 and a2 ≥ 0 such that W u
+ leaves

Q by crossing y = 0, we will immediately obtain that there exists a0 ∈ (a1, a2)
which belongs to neither of the two sets. By the lemma, at a = a0, the separatrix
W u

+ forms the homoclinic loop.

The second main step in proving our theorem was to study the behaviour
of the system at small and large a. More details on the proof are described in
[122].

In the following we describe briefly the results reported in [123] on the Shimizu-
Morioka system. This work contributed to the results presented in [122].

Consider a surface S in R3 given by

S : F (x, y, z) = 0,
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where F ∈ C1(R3). A normal vector to S at a point (x, y, z) ∈ S is the gradient
vector grad F (x, y, z) = (F ′x, F

′
y, F

′
z). The surface S splits the space in two regions,

according to F > 0 (the positive region) or F < 0 (the negative region). Assume
the normal vector grad F (x, y, z) lies in the positive region.

If a trajectory (for t increasing ) of a differential system

u̇ = f(u), (3.16)

where u̇ = (ẋ, ẏ, ż), f(u) = (f1(x, y, z), f2(x, y, z), f3(x, y, z)), hits the surface S
at a point A(x0, y0, z0) coming from the positive region F > 0, then the vector
field f at A makes with the gradient vector grad F at A an angle larger than
90◦. As

cos(gradF, f) =
grad F · f
|grad F | · |f |

,

it follows that grad F · f < 0 at A. On the other hand,

d

dt
F (x, y, z)|F=0 = Fxẋ+ Fyẏ + Fz ż|F=0 = grad F · f < 0, at A.

Proposition 3.1.2. If the derivative (for t increasing) along a trajectory of the
system (3.16),

d

dt
F (x, y, z)|F=0 < 0,

then the trajectory hits the surface S : F (x, y, z) = 0 coming from the positive
region F (x, y, z) > 0. If

d

dt
F (x, y, z)|F=0 > 0,

then it crosses the surface S : F (x, y, z) = 0 coming from the negative region
F (x, y, z) < 0. For t decreasing, the scenario is inversely, i.e. if

d

dt
F (x, y, z)|F=0 < 0,

the trajectory hits the surface S coming from the negative region and if

d

dt
F (x, y, z)|F=0 > 0,

the trajectory hits the surface S coming from the positive region.
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Tracing the unstable manifold W u
+. Assume a + 1 > 0. Consider the

equation of W u
+ in the neighborhood of O(0, 0, 0) given by

y = a1x+ a2x
2 + a3x

3 + ...

z = b1x+ b2x
2 + b3x

3 + b4x
4 + ... (3.17)

As
W u

0 = W u
+ ∪W u

−

is invariant under the action of the flow, after computing the coefficients, W u
+ for

x small enough is given by

y = x+ ..., z =
1

3
x2 + ... . (3.18)

Hence, for x small enough W u
+ lies in the region

R = {(x, y, z) : 0 < y < x,
1

3
x2 < z < x2, x > 0}.

We want to estimate now the x−coordinate of the point where W u
+ crosses

y = 0. Consider in R3 the surface in

{y = x− bx2, 0 < z < x2, b > 0}.

As x− bx2 < x, b > 0 the surface

{y = x− bx2}

is below W u
+ for x small enough. We are interested under what conditions, tra-

jectories lying in 1
3
x2 < z < x2 can cross this surface.

Proposition 3.1.3. The surface

{y = x− bx2, 0 < z < x2, b > 0}

is a surface without contact for trajectories of the system (i.e. transversal to the
flow). If t increases, the trajectories of the system cross the surface on the side

y < x− bx2 for all 0 < x < b(a+3)
a+1+2b2

, b > 0. In particular, if b = 1 we obtain that
the trajectories of the system (and implicitly W u

+) for 0 < z < x2 cross y = 0 for
x ≥ 1.
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Consider now a curve above W u
+,

y = cx− dx2, c > 1, d > 0.

One may notice that for any d > 0, c > 1 we have cx − dx2 > x for x small
enough, more exactly if x < (c− 1)/d). So the surface y = cx− dx2 is above W u

+

for x small enough.

Proposition 3.1.4. There exists c > 1, d > 0, c/d =
√

3 such that the surface in
R3,

y = cx− dx2,
1

3
x2 < z

is a surface without contact for trajectories of the system for all x > 0. If t
increases, trajectories of the system cross the surface for all a > 2, a2−8a−8 > 0
on the side y > cx− dx2. Consequently, for a > 2, a2− 8a− 8 > 0 the trajectories
(and implicitly W u

+) starting in

y < cx− dx2,
1

3
x2 < z

cross y = 0 for x ≤
√

3.

Remark 3.1.2. The above Propositions 3.1.3-3.1.4 say that the separatrix W u
+

crosses the plane y = 0 at a point K(xu, 0, zu) with 1 < xu <
√

3 if a is large
enough (in fact for a2 − 8a− 8 > 0 and a > 2).

Tracing the stable W s
0 manifold. As the positive part of the Oz axis,

denoted by d+, belongs to W s
0 , we express W s

0 in a small neighborhood of some
parts of d+ in the form

y = −f(t)x, z = z0e
−t, t > 0.

Denote by TW s |A the tangent space to W s
0 at the point A.

Proposition 3.1.5. a) There exists a sequence z0, z1, ..., zk, ..., where zk+1 > zk
and z0 > 1 + a2

4(a+1)
such that the tangent space

TW s |Ak
= {(x, y, z) : y = 0},

where k = 0, 1, 2, ... and Ak = (0, 0, zk).
b) For z < z0 we express

TW s |A = {(x, y, z) : y = −f0(t)x, z = z0e
−t, t > 0},



3.2. NON-SMOOTH DYNAMICAL SYSTEMS 33

where A = (0, 0, z) and f0(t) is a solution of the Riccati equation (generally
unsolvable)

f ′2(t)− af(t)− (a+ 1)(1− z0e
−t), (3.19)

which is bounded for t > 0, f0(0) = 0 and such that

1

2
(a+

√
(a+ 2)2 − 4(a+ 1)z0e−t) < f0(t) < a+ 1, t > t0 > 0, (3.20)

where t0 := ln4(a+1)z0
(a+2)2

> 0.

This result implies that in the neighborhood of the integral line

d+ : {x = y = 0, z > 0},

the two-dimensional manifold W s for z ≤ z0 can be expressed as

{y = −f0(t)x, z = z0e
−t, t ≥ 0}.

So for 0 < ε� 1 we can find a curve

C = W s ∩ {x2 + y2 = ε2, 0 ≤ z ≤ z0}.

Proposition 3.1.6. Consider the region in R3,

R1 = {−(a+ 1)x < y < 0}

where y = 0 and y = −(a+1)x are seen as surfaces in R3. Then the curve C ⊂ R1

for ε small enough. In addition, for decreasing t, each trajectory starting on C up
to its intersection with the plane y = 0, remains in the region R1 and will cross
this plane only for z > 1.

The proofs of these results can be found in [123].

3.2 Non-smooth dynamical systems

3.2.1 A generalization of the Nordmark map

The results on a two-dimensional non-smooth discrete dynamical system (a Poincaré-
like map) we obtained in [124] are presented in this section. The map generalizes
in some sense the so-called Nordmark map, which is related to one-dimensional
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impacting oscillators near grazing points, and constitute an intuitive basis for dy-
namics related to degenerate grazing in such oscillators. More exactly, we studied
map P = (Pi, Pni) given by

Pi :

{
xm+1 = αxm + ym + s 2k

√
xm + µ

ym+1 = −λ1λ2rxm
, xm > 0, (3.21)

respectively,

Pni :

{
xm+1 = (λ1 + λ2)xm + ym + µ
ym+1 = −λ1λ2xm

, xm ≤ 0, (3.22)

with α, µ, a, b ∈ R, 0 ≤ r ≤ 1, s = ±1, λ1 = a+ ib, λ2 = a− ib, |λ1| < 1, |λ2| < 1,
respectively, k ≥ 1 and m ≥ 1 integers. The first branch Pi of P is called
the impacting map while the second branch Pni the non-impacting map. The
variable xm represents the state of the oscillator at time tm and ym its velocity;
see [26, 81, 85] for more details. The map P is a generalization of the Nordmark
map, [26, 85], given by{

xm+1 = ym −
√
xm + µ

ym+1 = −γr2
1xm

, xm > 0, (3.23)

respectively, {
xm+1 = α1xm + ym + µ
ym+1 = −γxm

, xm ≤ 0, (3.24)

in the sense that for k = 1, α = 0, s = −1 and redenoting the parameters by
r = r2

1, γ = λ1λ2, α1 = λ1 + λ2, one obtains (3.24) from (3.21)-(3.22).
The Nordmark map is related to a discrete form of a class of two-order non-

autonomous differential equations in the form

ẍ = A (x, ẋ, t) , (3.25)

where A (x, ẋ, t) is periodic of period T > 0 in t, namely A (x, ẋ, t+ T ) =
A (x, ẋ, t) , as a model for one-dimensional impacting oscillators (such as, an os-
cillator hitting a rigid wall, a particle moving in a magnetic field, a ball bouncing
on a vibrating table) and describes the dynamics of an orbit in a neighbourhood
of grazing points. Other studies related to these topics can be found, for example,
in [7], [25], [35], [80], [86]. When dealing with impact oscillators two assumptions
are quite present, namely, the impact time of an orbit with the impact barrier is
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assumed zero, respectively, the leaving velocity vs from the impact depends only
on the hitting velocity vi in the form

vs = −r1vi,

where 0 ≤ r1 ≤ 1 is called coefficient of restitution. In [81] we meet a generaliza-
tion of the Nordmark map which uses

xm+1 = α2xm + ym ±
√
xm + µ

on xm > 0 in (3.24). In order to understand the subject and results we obtained
we give some more details as follows.

The map P = (Pi, Pni) is continuous but not differentiable (non-smooth) on
x = 0. This singularity at x = 0 gives rise to unusual bifurcations. The non-
impacting branch Pni has a fixed point E (x0, y0) with

x0 =
µ

(1− λ1) (1− λ2)
, y0 =

−µλ1λ2

(1− λ1) (1− λ2)
(3.26)

on x < 0 for µ < 0 since |λ1| < 1 and |λ2| < 1. Since the point E (x0, y0) lies
in the interior of the domain of definition of the function Pni, namely (x0, y0) ∈
(−∞, 0)× R, the Jacobian matrix(

λ1 + λ2 1
−λ1λ2 0

)
of Pni at E (x0, y0) is well defined and has the eigenvalues λ1, λ2 with |λ1| < 1
and |λ2| < 1. Therefore, the multiplicators of the fixed point E (x0, y0) are λ1, λ2

with |λ1| < 1 and |λ2| < 1, so that E (x0, y0) is a stable fixed point. The point
E (x0, y0) corresponds to a stable periodic orbit Γ∗ of period T in the differential
equation (3.25).

Increasing µ to 0, the fixed point E approaches O and for µ = 0 they coincide.
For µ > 0 the point E is not a fixed point anymore on x < 0 but there might be
another fixed point on the impacting side x > 0, F (x∗, y∗) .

When s = +1, the fixed point F indeed exists provided that the equation

2k
√
x = δx− µ (3.27)

with δ = 1 − α + λ1λ2r and µ > 0 has positive real roots. On δ < 0, (3.27) has
no real roots on the impacting side x > 0 and has exactly one root for δ > 0 on
x > 0. When s = −1, the fixed point F exists if the equation

2k
√
x = µ− δx (3.28)
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has positive real roots.
Denote by Γpn a period orbit of period p of the map P = (Pi, Pni) having

exactly n−points on the impacting side. We focused in our study on detecting
Γp1 orbits. We may assume that the single impacting point of Γpn is the first point.

Denote by (xm, ym) ,m ≥ 1 a generic point on an orbit of the map P and by

zm =

(
xm
ym

)
, µ̂ =

(
µ
0

)
, J =

(
λ1 + λ2 1
−λ1λ2 0

)
where |λ1| < 1 and |λ2| < 1.

(3.29)
With these notations Pni becomes

zm+1 = Jzm + µ̂. (3.30)

Hence,
Γp1 = {z1, z2, ..., zp}

where x1 > 0 and x2 < 0, ..., xp < 0. Since Γpn has period p, we must have
zp+1 = z1. On the non-impacting side, Γpn has points of the form

zm+1 = Jm−1z2 +
(
I + J + ...+ Jm−2

)
µ̂ (3.31)

where m = 2, 3, ..., p, I =

(
1 0
0 1

)
, and

z2 =

(
x2

y2

)
=

(
αx1 + y1 + s 2k

√
x1 + µ

−λ1λ2rx1

)
.

More details can be found in [124]. Consider first the case of the real param-
eters λ1 and λ2 with 0 < λ2 < λ1 < 1. Keep also s = −1. Skipping here more
calculations, we obtain

xm+1 = µA+
1

λ1 − λ2

[
(λm1 − λm2 )

(
y1 − x

1
2k
1

)
+ x1β1

]
(3.32)

and

ym+1 = µB +
1

λ1 − λ2

[
(λ1λ

m
2 − λm1 λ2)

(
y1 − x

1
2k
1

)
+ x1β2

]
(3.33)

where
β1 = αλm1 −αλm2 +rλ1λ

m
2 −rλm1 λ2 and β2 = αλ1λ

m
2 −αλm1 λ2−rλ2

1λ
m
2 +rλm1 λ

2
2,
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respectively,

A =
λ1 − λ2 − λm+1

1 + λm+1
2 − λ1λ

m+1
2 + λm+1

1 λ2

(λ1 − 1) (λ2 − 1) (λ1 − λ2)

and

B = − λ1λ2

(λ1 − 1) (λ2 − 1) (λ1 − λ2)
(λ1 − λ2 − λm1 + λm2 − λ1λ

m
2 + λm1 λ2) .

But xp+1 = x1 and yp+1 = y1 lead to

F (x1, µ) := −x
1
2k
1 + Cx1 + µD = 0 (3.34)

where

C =
1

λp2 − λ
p
1

λ1 − λ2 +
(
λp−1

1 − λp−1
2

)
λ1λ2

+r
1

λp2 − λ
p
1

(
λp1λ2 − λ1λ

p
2 + λp+1

1 λp2 − λ
p
1λ

p+1
2

)
+ α

and

D = (λ1 − λ2)
(λp2 − 1) (λp1 − 1)

(λ2 − 1) (λ1 − 1) (λp1 − λ
p
2)
.

For x1 root of (3.34), we find

y1 = − x1

λp1 − λ
p
2

(λp1λ2 − λ1λ
p
2 + rλp1λ

p
2 (λ1 − λ2))− µK (3.35)

where

K =
1

(λ1 − 1) (λ2 − 1) (λp1 − λ
p
2)

(
λp+1

1 λ2 − λ1λ
p+1
2 + λp1λ

p+1
2 − λp+1

1 λp2 + λ1λ
p
2 − λ

p
1λ2

)
.

Since 0 < λ2 < λ1 < 1, one can show that for p ≥ 2

λ2

λ2 − 1
< K ≤ − λ1λ2

λ1 + λ2

< 0. (3.36)

Finally we have the following theorem whose proof can be found in [124].
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Theorem 3.2.1. If the parameters λ1 and λ2 satisfy the inequalities 0 < λ2 <
λ1 < 1, then the map P = (Pi, Pni) can have up to two one-impacting periodic
orbits of period p for any fixed µ > 0 and k ≥ 1. More exactly,

a) if C ≤ 0 the map P may have a unique Γp1 orbit;
b) if C > 0 the map P has no Γp1 orbits if F (x0

1, µ) > 0; it may have two Γp1
orbits if F (x0

1, µ) < 0 and one orbit if F (x0
1, µ) = 0;

Moreover, the stability of Γp1 is given by the eigenvalues of the matrix

M (x1, y1) =

(
∂xp+1

∂x1

∂xp+1

∂y1
∂yp+1

∂x1

∂yp+1

∂y1

)
=

(
α1
p

1
λ1−λ2 (λp1 − λ

p
2)

α2
p

λ1λ2
λ1−λ2

(
λp−1

2 − λp−1
1

) ) (3.37)

where x1 is a root of (3.34),

α1
p = 1

λ1−λ2

(
− 1

2k
(λp1 − λ

p
2)
(
µ
x1
D + C

)
+ β1

)
and

α2
p = 1

λ1−λ2

(
−λ1λ2

2k

(
λp−1

2 − λp−1
1

) (
µ
x1
D + C

)
+ β2

)
.

Secondly we studied the case of the complex eigenvalues

λ1 = r (cosϕ+ i sinϕ) , λ2 = r (cosϕ− i sinϕ) ,

where 0 < r < 1, ϕ 6= nπ, and n is integer. The results we obtained in this case
have been presented in [129]. In this case we have

Jm−1 = T

(
λm−1

1 0
0 λm−1

2

)
T−1 =

(
λm1 −λm2
λ1−λ2

λm−1
1 −λm−1

2

λ1−λ2

−λm−1
1 −λm−1

2

λ1−λ2 λ1λ2 −λm−2
1 −λm−2

2

λ1−λ2 λ1λ2

)

=

(
rm−1 sinmϕ

sinϕ
rm−2 sinϕ(m−1)

sinϕ

−rm sinϕ(m−1)
sinϕ

−rm−1 sinϕ(m−2)
sinϕ

)
,

for all m ≥ 2, respectively,

xm+1 =
rm−1 sinmϕ

sinϕ

(
y1 + sx

1
2k
1

)
+ x1

rm−1

sinϕ
(α sinmϕ− rc sinϕ (m− 1)) + µAm,

ym+1 = −r
m sinϕ (m− 1)

sinϕ

(
y1 + sx

1
2k
1

)
−x1

rm

sinϕ
(α sinϕ (m− 1)− rc sinϕ (m− 2)) + µBm,
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where

Am =
1

(r2 − 2r cosϕ+ 1) sinϕ

(
sinϕ− rm sin (m+ 1)ϕ+ rm+1 sinmϕ

)
,

and

Bm = − r2

(r2 − 2r cosϕ+ 1) sinϕ

(
sinϕ− rm−1 sinmϕ+ rm sin (m− 1)ϕ

)
.

For the case of large ϕ, namely, ϕ 9 nπ we obtained the following theorem
whose complete form and proof are given in [129].

Theorem 3.2.2. The map P = (P1, P2) has at most one Γp1 orbit for any p ≥ 2
and k ≥ 2 fixed. More exactly,

a) if Cp ≥ 0, µDp ≥ 0 or Cp < 0, µDp < 0, P has no period−p one-impacting
Γp1 orbits;

b) if Cp ≥ 0, µDp < 0, or Cp < 0, µDp ≥ 0, P has at most one period−p
one-impacting Γp1 orbit.

When ϕ → nπ, we meet again two cases. Assume firstly ϕ → 2nπ with n
integer. Then we obtain

Ap =
1

(r − 1)2

(
1− (p+ 1) rp + prp+1

)
, Bp = − r2

(r − 1)2

(
1− prp−1 + (p− 1) rp

)
respectively,

Cp = −s
p

(
−pα + r1−p + crp+1 + r (p− 1) (c+ 1)

)
and Dp =

s

p
r1−p (rp − 1)2

(r − 1)2 .

These lead to a corollary to the above theorem.

Corollary 3.2.1. The map P = (P1, P2) has at most one Γp1 orbit for any k ≥ 2
fixed and p large enough. More exactly, for s = ±1, the map P has at most one
period−p one-impacting Γp1 orbit on µ > 0 while P has no Γp1 orbits on µ < 0.
The stability of the Γp1 orbit is given by the eigenvalues of the matrix J (x∗) .

A similar result one obtains when ϕ→ (2n+ 1) π with n integer.
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3.2.2 Studying models for impact oscillators

The dynamics in a neighborhood of a grazing periodic orbit in a piecewise smooth
model in the presence of discontinuous jumps is studied in [34]. A method for
controlling the persistence of a local attractor is discussed. The model is of the
form

ẋ = f (x) =


x2

− 1
ω2x1 − 2γ

ω
x2 + x4

[(
1
ω2 − 1

)
cosx3 − 2γ

ω
sinx3

]
1
0
0

 ,

x = (x1, x2, x3, x4, x5) , provided that x1 − x5 ≥ 0. A discrete, linear feedback
method is used to prove the existence of an attractor near the grazing orbit.
When the model’s parameters approach those corresponding to grazing orbits,
the deviation of the attractor from the grazing orbit tends to zero. A disconti-
nuity mappings approach is used for the study of the model’s dynamics near the
grazing state. A recent paper [134] describes a mechanical experiment related to
impact oscillators. A novel dynamics not observed in common impact oscillators
is pointed out. The mechanical system is harmonically-excited and has a strong
nonlinearity induced by the impacts. A discrete sequence of energy impulses
affecting the impact oscillators within the experiments are taken into account.
The experiment is related to a classic pinball machine in which a ball striking
a bumper experiences a sudden impulse, introducing additional unpredictability
to the motion of the ball. A useful tool in studying non-smooth systems is to
associate a smooth system to a non-smooth one, that is, smoothing non-smooth
systems. Recent results on this topic have been reported in [49]. The authors
used methods based on changes of variables and low-pass filter formulations to
obtain their results. They briefly describe the state space reconstruction method
for recovering a differentiable dynamical system from its time series data.

Applications of non-smooth dynamical systems, and in particular impact os-
cillators undergoing grazing bifurcations, are met in computational neuroscience
as well. The authors in [32] show that many techniques originally developed for
the study of impact oscillators are directly relevant to the analysis of spiking mod-
els from neuroscience. A planar nonlinear model of type integrate-and-fire with
a piecewise linear vector field and a state dependent reset upon spiking is par-
ticularly studied, because the model has the potential to generate realistic trains
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of spikes. Other ideas on how non-smooth dynamical systems may contribute to
neuroscience modeling are discussed in the work.

In the following we present the results reported in [125]. A second-order non-
autonomous differential equation

ẍ = A (x, ẋ, t) , (3.38)

where the function A (x, ẋ, t) is periodic in t of period T > 0, is considered a model
for one-dimensional impact oscillators [85]. A fixed rigid barrier is assumed to
be placed at x = xb and the oscillator’s motion takes place on x > xb. No other
barriers exist on x > xb and the motion is assumed smooth on this side, that is,
the motion is described by the equation (3.38) with A as smooth as needed on
x > xb. The equation (3.38) is equivalent to the autonomous 3D system

ẋ = v, v̇ = A(x, v, θ), θ̇ = 1, (3.39)

where ẋ(t) = v(t) and θ(t) = t+ θ0 for some θ0 ∈ R fixed.
The state space where the dynamics of the oscillator takes place (including

the impacts) is the set X = [xb,+∞)× R× R, while the barrier, denoted by Σ,
reads

Σ = {xb} × R× R.

The functions x (t) and v(t) are as smooth as needed on X \Σ. We denote by Σ0,
Σ+, Σ−, respectively the disjoint subsets of Σ corresponding to v = 0, v > 0 and
v < 0.

The models developed in [85] and [81] assume the existence of a periodic graz-
ing orbit which touches tangent Σ0 with zero velocity and positive acceleration. In
[125] we started to study a model which does not satisfies fully these conditions.
We considered A of the form

A (x, ẋ, θ) = K +D cos θ − ω2x,

with some real constants K, D, and ω 6= 0, 1. Denote the flow of the system (3.39)
by

Φ (t, u0) = (x (t, u0) , v (t, u0) , θ (t, θ0))

with the initial condition u0 = (x0, v0, θ0) where

x (0, x0, v0, θ0) = x0, v (0, x0, v0, θ0) = v0, θ (0, θ0) = θ0.
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Disregarding the barrier we can compute the flow analytically and obtain

x (t, u0) = C1 cos θω + C2 sin θω +
1

ω4 − ω2

(
Kω2 −K + ω2D cos θ

)
, (3.40)

v (t, u0) =
dx

dt
(t, u0) ,

and θ(t) = t+ θ0, where

C1 = p cos (θ0ω)− q sin (θ0ω) , C2 = p sin (θ0ω) + q cos (θ0ω) ,

with

p = x0 +
1

ω2 − ω4

(
Kω2 −K + ω2D cos θ0

)
textand q =

(
v0 −

D

1− ω2
sin θ0

)
1

ω
.

Assume further xb = 0. The particular orbit Γp through the initial point
O = (0, 0, 0) , is given by

xp =
1

ω4 − ω2

(
−K +Kω2 + ω2D cos θ −

(
K −Kω2 − ω2D

)
cos θω

)
and

vp =
1

ω3 − ω
(
−ωD sin θ +

(
K −Kω2 − ω2D

)
sin θω

)
.

Hence Γp is periodic of period T = 2πn for ω = m
n
, m, n integers.

We studied first the case K +D cos θ < 0 for all real θ. The orbit Γp is not a
proper grazing orbit since the acceleration at the grazing point is negative in this
case. We obtained in this case that all orbits impact several times the barrier
and then stop.

Secondly we assumed that K + D cos θ > 0, for all real θ. Since −ω2x is
negative, the acceleration of Γp at the grazing point may also be negative. We
studied firstly here the case when our model has a proper grazing orbit Γp which
crosses tangent the barrier at O with positive acceleration A2. When ω > 1,
D < 0 and

K −Kω2 − ω2D < 0, K +D > 0

this scenario is possible. Performing some computations (see [125]) we obtain a
two-branched Poincaré map P = (Pni, Pi) , in the form

Pni :

{
xn+1 = xn
θn+1 = 2θn

, xn ≥ 0 (3.41)
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respectively,

Pi :

{
xn+1 = r2xn

θn+1 = 2θn − 2 (1 + r)
√
− 2
A2
xn

, xn ≤ 0. (3.42)

We showed in this case that any orbit starting from the non-impacting side will
never impact the barrier. In the last case studied here we assumed that Γp
crosses tangent the barrier at O with positive acceleration A2 but impacts later
the barrier, Fig.3.5. This case is possible in our model since for |θ − π| small
enough that we have

x(θ) =
1

ω4 − ω2

(
(1− cosπω)

(
ω2 − 1

)
K − ω2D (cos πω + 1)

)
+O (θ − π)

(3.43)
and x(θ) < 0 for all real ω > 1 and K < 0, K + D > 0. Hence Γp impacts the
barrier around θ ≈ π and may loose its periodicity due to the impacts.
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Figure 3.5: Incomplete grazing orbits in the system (3.39) for r = 0.8, K = −0.1,
D = 0.2, ω = 2, x0 = 0, v0 = 0, θ0 = 0, a), respectively, K = −0.1 and D = 2, b).
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3.3 Perturbed Hamiltonian systems

3.3.1 Bifurcations in a class of perturbed Hamiltonian
systems and associated nontwist cubic maps

In this section we describe briefly the results reported in [128]. One-degree-of-
freedom Hamiltonian systems subjected to time periodic perturbations (i.e. 3/2
d.o.f) are used in studying various models in astronomy, plasma physics, fluid
dynamics and mechanics. Such a Hamiltonian given in action-angle variables
(I, θ), has the general form

H (θ, I, t) = H0 (I) + εHp (θ, I, t) , (3.44)

where the Hamiltonian Hp is a 2π−periodic function in θ and t. Models for
magnetic configurations of hot plasma physics devices such as tokamaks [36],
[82] are using such Hamiltonian systems. Other models using Hamiltonians of
type (3.44) can be found in [18], [27], [113], [78], [84]. Theoretical studies of
reconnection and transport barrier problems met in tokamaks can be found in [1],
[50], [19], [6], [93], [29]. An approach based on quadratic non-twist stroboscopic
maps has been used for the study of the involved 3/2 d.o.f. Hamiltonian systems.
Studies on the creation of magnetic transport barriers in plasma physics are
presented in [42], [30] while in [9], [20], [2] the effect of the reconnection on
chaotic transport of particles is presented. Quadratic maps were most used to
study reconnection phenomena, which assumes the existence of twin periodic
orbits with the same rotation number. These phenomena were revealed also in
systems generated by cubic non-twist maps [51], [136], [118], [119].

Our purpose in [128] was to study the reconnection processes and their effect
on the existence of transport barriers for systems generated by Hamiltonians with
quartic unperturbed part of the form

Ha,b,ε(θ, I, t) = I2/2− aI3/3 + bI4/4 + εHp (θ, I, t) , (3.45)

when a > 0, b > 0 are fixed and the perturbation parameter ε varies in the
interval (0,∞) . Since Hp (θ, I, t) is 2π−periodic in θ and t, it can be expanded
in a Fourier series

Hp (θ, I, t) =
∑
m,n∈Z

Hmn (I) cos (nθ −mt+ cmn) . (3.46)
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Our study aims to bring contributions to the understanding of the dynamics
of systems having many transport barriers [48], [41], [102], [97]. We started with
a Hamiltonian of the form

Hint(θ, I) = I2/2− aI3/3 + bI4/4 + ε cosnθ, (3.47)

because it is related to the analysis of local and global bifurcations of discrete sys-
tems generated by stroboscopic maps [112], as approximate interpolating systems
associated to the maps. We showed that the non-integrable system corresponding
to (3.45) and the integrable one corresponding to (3.47) have similar dynamics
for relatively small values of ε.

The approximate interpolating system. The Hamiltonian (3.47) is ob-
tained from Ha,b,ε (θ, I, t) and leads to the system{

θ̇ = I − aI2 + bI3

İ = εn sinnθ
. (3.48)

For the unperturbed system (ε = 0 in (3.48)) we have the following result. The
proof can be found in [128].

Proposition 3.3.1. Let consider the unperturbed system

θ̇ = I − aI2 + bI3; İ = 0.

a) For a2 < 4b all the points situated on the circle I = 0 are equilibrium
points. The points situated on the circle I = I0 rotate in inverse trigonometric
sense if I0 < 0, respectively in the trigonometric sense if I0 > 0.

b) For a2 = 4b there are two circles formed by equilibrium points: I = 0 and
I = 1/

√
b. The points situated on the circle I = I0 rotate in inverse trigonometric

sense if I0 < 0, respectively in the trigonometric sense if I0 > 0 (and I0 6= 1/
√
b).

A local maximum speed of rotation is obtained on the circle I = 0.5/
√
b.

c) For a2 > 4b all points situated on the circles I = 0, I = I1 := a−
√
a2−4b
2b

and I = I2 := a+
√
a2−4b
2b

are equilibria (fixed points which do not rotate). The
points on the circle I = I0 rotate in the inverse trigonometric sense if I0 ∈
(−∞, 0)∪(I1, I2) , respectively in the trigonometric sense if I0 ∈ (0, I1)∪(I2,+∞) .

Local maximum speed of rotation is obtained on the circles I = Imax = a−
√
a2−3b
3b

(for the rotation in the trigonometric sense), respectively I = Imin = a+
√
a2−3b
3b

for
the rotation in the inverse trigonometric sense.
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Figure 3.6a depicts the phase portrait of the unperturbed interpolating system
corresponding to a = 1.5, b = 0.4, n = 3. The dynamics of the unperturbed
interpolating system is closely related to the winding function

W (I) =
dH0

dI
= I − aI2 + bI3

which is not monotonous for a2 > 3b (Figure 3.6b).

Figure 3.6: a) The phase portrait of the unperturbed interpolating system (left);
b) The winding function corresponding to the interpolating Hamiltonian for a =
1.5, b = 0.4, n = 3 (right).

The following proposition describes the equilibrium points of the approximate
interpolating Hamiltonian Hint(θ, I). A proof can be found in [128].

Proposition 3.3.2. For a2 > 4b the system (3.48) has 6n equilibria.

P0 = (0, 0) , P1 = (π/n, 0) , ... P2n−1 = ((2n− 1) π/n, 0)

Q0 = (0, I1) , Q1 = (π/n, I1) , ... Q2n−1 = ((2n− 1)π/n, I1)

R0 = (0, I2) , R1 = (π/n, I2) , ... R2n−1 = ((2n− 1) π/n, I2)

where I1 = a−
√
a2−4b
2b

and I2 = a+
√
a2−4b
2b

are the solutions of the equation bI2 −
aI+1 = 0. The equilibria P2k, Q2k+1, R2k, are hyperbolic while P2k+1, Q2k, R2k+1,
are elliptic for all k ∈ {0, 1, ..., n− 1} .
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Figure 3.7: Phase portrait in systems with small perturbations: a) in the interpo-
lating Hamiltonian system (left); b) in the discrete system (3.52) corresponding
to the non-autonomous Hamiltonian system for a = 1.5, b = 0.4, n = 3, ε = 0.01
(right).

The route to reconnection of the Hint(θ, I) chains. We assumed a and
b fixed with a2 − 4b > 0 and let the perturbation’s amplitude ε to vary. De-
note by LP , LQ and LR the three chains containing the equilibrium points P2k,
Q2k+1, respectively R2k, k ∈ {0, 1, ..., n− 1} . For small enough ε (for instance
0 < ε < 0.01), the Hamiltonian system displays three distinct Poincaré–Birkhoff
chains (Figure 3.7a). At a critical value, called threshold of reconnection, the
hyperbolic points of two chains get connected by common branches of their in-
variant manifolds, Figure 3.8a. The threshold of reconnection are given in the
following proposition.

Proposition 3.3.3. The reconnection threshold of the Poincaré–Birkhoff chains
LP and LQ in the system (3.48) is:

εP,Q =
I2

1

24
(3− aI1). (3.49)

The threshold of reconnection of the chains LQ and LR in the system (3.48) is:

εQ,R = εP,Q −
I2

2

24
(3− aI2). (3.50)
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Figure 3.8: Phase portraits at the threshold of reconnection of LP and LQ: a)
in the interpolating Hamiltonian system (left); b) in the discrete system (3.52)
corresponding to the non-autonomous Hamiltonian system (a = 1.5, b = 0.4,
n = 3, ε = 0.0532).

Remark 3.3.1. If 3− aI2 = 0, i.e. a2 = 4.5b we have εP,Q = εQ,R, so the chains
LP , LQ and LR reconnect at the same threshold (triple reconnection).

If 3− aI2 < 0, i.e. 4b < a2 < 4.5b we have εQ,R < εP,Q so the chains LP and
LQ reconnect first.

If 3 − aI2 > 0, i.e. a2 > 4.5b we have εQ,R > εP,Q so the chains LQ and LR
reconnect first.

Since the analysis of the last two cases is similar, we will present only one of
them: εQ,R < εP,Q.

Increasing ε from εP,Q, two dimerized chains LPQ and LQP , containing the
hyperbolic points of LP respectively the hyperbolic points of LQ are formed, Fig-
ure 3.9a. The dimerized chain LPQ surrounds the elliptic points of LQ and the
dimerized chain LQP surrounds the elliptic points of LP . The dimerized chains
LPQ and LQP are separated by meanders, because their equilibrium points situ-
ated on the same symmetry line have different types (one is hyperbolic, the other
is elliptic).
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Figure 3.9: Phase portrait with dimerized islands: a) in the interpolating Hamil-
tonian system b) in the discrete system (3.52) corresponding to the non-
autonomous Hamiltonian system (a = 1.5, b = 0.4, n = 3, ε = 0.15).

Figure 3.10: Phase portraits at the threshold of reconnection of LR and LQP ;
a) in the interpolating Hamiltonian system b) in the discrete system (3.52)
corresponding to the non-autonomous Hamiltonian system (a = 1.5, b = 0.4,
n = 3, ε = 0.5117).
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When ε increases, the Poincaré–Birkhoff chain LR approaches the dimerized
chain LQP . At the threshold of reconnection εQ,R the hyperbolic points of the
chains LQP and LR get connected by common branches of their invariant mani-
folds, Figure 3.10a.

A discrete approach for studying the 3/2 d.o.f. Hamiltonian system.
The non-autonomous system corresponding to the Hamiltonian (3.45) is


θ̇ = I − aI2 + bI3 + ε∂Hp

∂I

İ = −ε∂Hp

∂θ

. (3.51)

The system is not integrable and we used a technique described in [1] for its
study. To this end, we constructed a map of the form (see [128]) θk+1 =

(
θk + (Ik + ε

2
n sinnθk)− a(Ik + ε

2
n sinnθk)

2 + b(Ik + ε
2
n sinnθk)

3
)

(mod 2π)

Ik+1 = Ik + ε
2
n sinnθk + ε

2
n sinnθk+1

.

(3.52)

This discrete system (3.52) fits the basic properties of the interpolating system
(3.48).

Proposition 3.3.4. For a2 > 4b the fixed points of the map (3.52) coincide with
the equilibrium points of the interpolate Hamiltonian system (3.48) and have the
same type.

Remark 3.3.2. The coincidence of the equilibrium points shows the close relation
between the dynamics of the system (3.52) and of the integrable system generated
by (3.47), for small enough amplitude of the perturbation parameter ε.

Remark 3.3.3. It is interesting to remark that the involutions I0 and I1 were
considered in many papers ([92], [139]) in order to describe the reversing sym-
metry group of the standard non-twist maps [92]. However R0 and R1 are not
involutions and the system (3.52) has not a reversing symmetry group.

Numerical illustrations, discussions and conclusions can be further read in
[128].
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Figure 3.11: Phase portrait of the discrete system (3.52) for a = 1.5, b = 0.4,
n = 3 and a) ε = εPQ − 0.02; the barrier TPQ still exists between LP and the
chaotized LQ, and b) ε = εPQ + 0.18; the barrier TRQ is drawn in black.

3.3.2 Limit cycles in a class of perturbed Hamiltonian sys-
tems

The 16th Hilbert’s problem is concerned with the maximal number and relative
position of limit cycles in differential polynomial systems of the form

dx

dt
= Pn(x, y),

dy

dt
= Qn(x, y), (3.53)

where Pn and Qn are polynomials of degree n. When dealing with limit cycles,
the following two classical theorems are important.

Theorem 3.3.1. (Poincaré, [24]) A continuous autonomous system ẋ = P (x, y), ẏ =
Q(x, y), has no periodic solutions in a region D ⊂ R2 if there exists a continuously
differentiable function f : D → R such that

ḟ = P (x, y)
∂f

∂x
+Q(x, y)

∂f

∂y

is of constant sign in D and the equality ḟ = 0 cannot be satisfied on a whole
orbit of the system.
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Theorem 3.3.2. (Bendixon–Dulac Theorem, [24]). A dynamical system ẋ =
P (x, y), ẏ = Q(x, y), with P, Q functions of class C1 defined in Ω ⊂ R2 has
no periodic solutions in a simply connected region D ⊂ Ω if there exists a C1

function F : D → R such that the divergence

∂(FP )

∂x
+
∂(FQ)

∂y

is of constant sign in D and is not identically zero in any open subset in D.

The 16th Hilbert’s problem is still not solved. A crucial result of this research
field is the following: any polynomial vector field has finitely many limit cycles,
[39], [56]. In terms of the configurations of limit cycles in planar vector fields, an
important result is presented in [71]. For quadratic planar systems, it is known
that only the distribution (3 : 1) has four limit cycles but, to our knowledge,
it does not exist a rigorous proof of this result. This is the reason why many
researchers still study the maximal number of limit cycles in quadratic polynomial
vector fields.

Our results presented in [130] contribute to this effort. We investigated a class
of quadratic Hamiltonian systems of the form

ẋ = ∂H
∂y

+ εf(x, y, ε)

ẏ = −∂H
∂x

+ εg(x, y, ε)

, (3.54)

where f(x, y, ε) and g(x, y, ε) are two polynomials of order n which depend ana-
lytically on a small parameter ε. The system (3.54) at ε = 0 is called unperturbed.

We describe in the following the approach we used in studying the limit cycles
of the system (3.54). If the unperturbed system (3.54) has a center and a period
annulus A, that is, for each h ∈ (α, β), the set

{(x, y) ∈ R2 : H(x, y) = h}

contains a closed smooth curve Γh free of critical points, which depends continu-
ously on h ∈ (α, β). Denote by P (h, ε) the Poincaré map defined on a transversal
segment to the flow of system (3.54). Then, the displacement function d(h, ε) can
be approximated by (see [11], [55] )

d(h, ε) := P (h, ε)− h = εM1(h) + ε2M2(h) + ...+ εkMk(h) + .... (3.55)
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where Mk(h), k ≥ 1, are called the Melnikov functions. They can be calculated
for some particular classes of systems, see [55, 68, 141, 142], but Mk(h) are not
known in general. Using a method presented in [44] (see also [54]) the Melnikov
functions Mk(h) can be calculated in the following conditions. Assume (f, g) is
a perturbation in (3.54) and denote by

ω = g(x, y, ε)dx− f(x, y, ε)dy.

Thus, using a Taylor series on ε, we can write

ω = ω0 + εω1 + ε2ω2 + .... (3.56)

with

ω0 = g(x, y, 0)dx− f(x, y, 0)dy, ω1 = g′ε(x, y, 0)dx− f ′ε(x, y, 0)dy,

ω2 = g′′ε2(x, y, 0)dx− f ′′ε2(x, y, 0)dy

and so on. The system (3.54) can be rewritten in a Pfaffian form dH − εω = 0.
In this notation, M1(h) is simply

M1(h) =

∮
Γh

ω0, Γh ∈ A.

The following results are reported in [54].

Proposition 3.3.5. Assume that the first Melnikov function M1(h) ≡ 0 is iden-
tically zero. Then there exists in the period annulus A of the unperturbed system
(3.54) a continuous function q0(x, y) and a locally Lipschitz continuous function
Q0(x, y) such that the form ω0 can be expressed as

ω0 = q0dH + dQ0.

Theorem 3.3.3. Assume that M1(h) ≡ 0. Then M2(h) is given by

M2(h) =

∮
Γh

(q0ω0 + ω1), Γh ∈ A. (3.57)
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Remark 3.3.4. The above procedure can be extended to the case in which Mk(h) ≡
0 for all 1 ≤ k ≤ m. In this case, one defines successively the one-forms Ω0,Ω1, ...,Ωm

by

Ω0 = ω0, Ωk = ωk +
∑

i+j=k−1

qiωj,

k = 1, 2, ...,m, where the one-form Ωk can be expressed as Ωk = qkdH + dQk with
qk, Qk as in the Proposition 3.3.5. Then, by induction, one obtains

Mm+1(h) =

∮
Γh

Ωm.

It is known that, if M1(h) is not identically zero then each simple zero h0 ∈
(α, β) of M1(h) gives birth for ε small enough to a limit cycle Γεh0 in the perturbed
system (3.54) that depends smoothly on ε and tends to Γh0 as ε → 0. On the
other hand, there exist perturbations (f, g) such that M1(h) is identically zero,
M1(h) ≡ 0. In this case, the next term M2(h) in the series d(h, ε) is used for
studying the limit cycles. If M2(h) is also zero we have to investigate M3(h) and
the procedure may continue endless.

In [130] we considered a class of quadratic perturbed Hamiltonian systems in
the form:

ẋ = y(1 + y)− εP (x, y)

ẏ = −x(1 + y) + εQ(x, y)
, (3.58)

where ε > 0 is a small parameter and P,Q are two polynomials of order two

P (x, y) = a00 + a10x+ a01y + a20x
2 + a11xy + a02y

2

and
Q(x, y) = b00 + b10x+ b01y + b20x

2 + b11xy + b02y
2.

The main result reported in [130] is given by the next theorem.

Theorem 3.3.4. Let Mk(h), k ≥ 1, be the Melnikov functions associated to the
system (3.58). Then M1(h) = 0 has at most 3 roots, taking into account their
multiplicities, and the number of roots is reached. If M1(h) ≡ 0 then M2(h) =
0 has at most 3 roots, taking into account their multiplicities. If M1(h) ≡ 0
and M2(h) ≡ 0 then M3(h) = 0 has at most 2 roots, taking into account their
multiplicities. If

M1(h) = M2(h) = M3(h) ≡ 0
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then Mk(h) = 0 has no real roots or Mk(h) ≡ 0 for all k ≥ 4. Therefore, taking
into account the expansion of the displacement map (3.55) of any order in ε,
the system (3.58) has at most three limit cycles which bifurcate from the period
annulus of the unperturbed system and this upper bound is reached.

We describe here the first step we used in the proof of this theorem. More
details can be found in [130]. The unperturbed system (3.58), i.e. for ε = 0, has
a center at the origin (0, 0) and a first integral

H(x, y) = (x2 + y2)/2,

that is dH = 0. Consider further the restriction of H on the unit disc x2 +y2 < 1.
The solutions of the unperturbed system lie on the circles x2 + y2 = 2h with
0 < 2h < 1. The displacement function d(h, ε) = P (h, ε) − h associated to the
system (3.58) can be expressed as a Taylor series in ε by

d(h, ε) = εM1(h) + ε2M2(h) + ...+ εkMk(h) + .... (3.59)

which is convergent for small ε. The Melnikov functions Mk(h) are defined for
h ∈ (0, 1/2).

Transform in the following the system (3.58) in a Pfaffian form dH = εω.
Since H = (x2 + y2)/2 we can write

dH = xdx+ ydy

=
εQ(x, y)− dy

1 + y
dx+

dx+ εP (x, y)

1 + y
dy = εω,

where ω is the 1−form

ω =
Q(x, y)

1 + y
dx+

P (x, y)

1 + y
dy. (3.60)

As ω does not depend on ε, from (3.56) we have ω = ω0, ω1 = ω2 = ... = 0 and

M1(h) =

∮
H=h

ω. (3.61)

Now we want to express ω in the form ω = q0dH + dQ0 +N0.
Denote by

α00 =
dx

1 + y
, β10 =

x

1 + y
dy, β11 =

xy

1 + y
dy. (3.62)
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From the term Q(x,y)
1+y

dx we get

α10 =
xdx

1 + y
=

dx2

2(1 + y)
=
d(2H − y2)

2(1 + y)
=

dH

1 + y
− d(y − ln(1 + y))

and similarly

α01 = y
1+y

dx = dx− α00, α20 = x2

1+y
dx = x

1+y
dH − β11,

α11 = xy
1+y

dx = y
1+y

dH − d(y2/2− y + ln(y + 1)),

α02 = y2

1+y
dx = 2Hα00 − x

1+y
dH + β11,

and from P (x,y)
1+y

dy we obtain

β00 = dy
1+y

= d(ln(1 + y)), β01 = ydy
1+y

= d(y − ln(1 + y)),

β02 = y2dy
1+y

= d(y2/2− y + ln(1 + y)),

β20 = x2dy
1+y

= 2d(H ln(1 + y))− 2 ln(1 + y)dH − d(y2/2− y + ln(1 + y)).

With these computations, we get:

q0 =
1

1 + y
(b10 + (b20 − b02)x+ b11y)− 2a20 ln(1 + y),

dQ0 = b01dx+ f (y) dy + 2a20d(H ln(1 + y)),

N0 = (b00 − b01)α00 + 2b02Hα00 + a10β10 + c1β11,

where f (y) = a00
1+y

+ (a01 − b10) y
1+y

+ c2
y2

1+y
, respectively, c1 = b02 − b20 + a11 and

c2 = a02 − a20 − b11.
Since ∮

H=h

q0dH =

∮
H=h

dQ0 = 0,

it follows
M1 (h) = (b00 − b01) I1 + 2b02hI1 + a10I2 + c1I3,

where the three integrals are

I1 :=

∮
H=h

α00 =
2π(1−

√
1− 2h)√

1− 2h
,
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I2 :=

∮
H=h

β10 = 2π
(

1 +
√

1− 2h
)
,

and

I3 :=

∮
H=h

β11 = 2π
(
h− 1−

√
1− 2h

)
, h ∈ (0, 1/2).

Denoting by m =
√

1− 2h, m ∈ (0, 1), we have:

M1 (m) =
(
m3 (2b02 − c1) + 2m2 (a10 − c1 − b02) +mk1 + 2b00 − 2b01 + 2b02

)
m−1π

with k1 = 2a10 − 2b00 + 2b01 − 2b02 − c1.
Assuming b00− b01 6= 0, b02, a10, c1 6= 0, equation M1(m) = 0 can have at most

three real roots for m ∈ (0, 1). Therefore, the system (3.58) can have at most
three limit cycles. In addition, this upper bond is attained. Indeed, choosing
b01 = 0, b20 = 0, b02 = −1, a10 = −13/29, b00 = 30/29, a11 = 19/29 we find
m ∈ {1

4
, 1

3
, 1

2
}.

As the integrals I1, hI1, I2, I3 are linearly independent, in order to haveM1(h) ≡
0 we impose b00− b01 = 0 and b02 = a10 = c1 = 0, which lead to N0 ≡ 0. The sec-
ond step is to investigate further this case. For the third step we have M2(h) ≡ 0
and study the roots of M3(h) ≡ 0 and so one. More details can be found in [130].

3.4 Degenerate fold-Hopf bifurcations

3.4.1 Degenerate with respect to parameters fold-Hopf bi-
furcations

We present in this section the results we obtained on a class of degenerate fold-
Hopf bifurcations as are they reported in [131]. In order to present briefly the
results, we omit the proofs of the theorems in this presentation; they can be found
in [131]. Fold-Hopf bifurcations (zero-pair or zero-Hopf) appear in dynamical
systems of dimension at least three with two independent parameters. A fold-
Hopf bifurcation arises when the Jacobian matrix at an equilibrium point has
eigenvalues of the form 0 and ±iω0, ω0 > 0, for some values of the parameters.
More exactly, we studied differential systems of the form

ẋ = f(x, α) (3.63)
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x ∈ R3, α = (α1, α2) ∈ R2, f smooth of class Cr, r ≥ 3, which has an equilibrium
x = 0 at α = 0. Its Jacobian matrix J (0) has the simple eigenvalues 0 and ±iω0.
Using a Taylor decomposition of f(x, α) at x = 0, the system (3.63) becomes

ẋ = a(α) + J(α)x+ F (x, α) (3.64)

where a(0) = 0 and F (x, α) = O(||x||2). Since the eigenvalues of J (0) are simple
and continuous with respect to α, the eigenvalues of J(α) are

ν(α), λ = µ(α) + iω(α) and λ̄ = µ(α)− iω(α)

for all ||α|| =
√
α2

1 + α2
2 small enough, such that ν(0) = µ(0) = 0 and ω(0) =

ω0 > 0; ν(α) is the real eigenvalue. We used the notations x = 0 and α = 0
instead of x = (0, 0, 0) and α = (0, 0) .

The system (3.64) has been intensively studied in [59] for the case when a(α) 6=
0 for all ||α|| =

√
α2

1 + α2
2 small enough, α 6= 0, and a normal form based on five

generic conditions has been obtained and studied. The results reported in [59]
are highly based on the five generic conditions. We aimed in our work to study
the behavior of the system (3.64) in a more general framework, namely, when one
or more of the five generic conditions are removed. We approached this research
problem by considering that a(α) ≡ 0 for all α ∈ R2, and showed that this
condition leads to a degeneracy in one of the five generic conditions. The results
reported in [59] are highly based on the condition a(α) 6= 0. We showed in our
study that breaking the condition, that is assuming a(α) ≡ 0, the system (3.64)
may have a different behavior which cannot be obtained from the non-degenerate
case. Fold-Hopf bifurcations are met in various models and contexts [95], [91],
[61], [58], [47], [33] and [138]. A problem related to the 3-dimensional center
at the zero-Hopf singularity has been recently studied in [45] while a result on
arbitrary generic unfoldings of a zero-Hopf singularity is reported in [37]. Other
models that may lead to degenerate fold-Hopf bifurcations can be found in [77],
[23], [115], [62], [63], [118], [119], [52].

In order to help the reader to understand degenerate fold-Hopf bifurcations
we will describe briefly in the following the framework of the non-degenerate cases
according to the theory presented in [59]. The system (3.64) is equivalent to

u̇ = Γ (α) + ν (α)u+ g(u, z, z̄, α)
ż = Ω (α) + λ (α) z + h(u, z, z̄, α)

(3.65)

where
u = 〈p0(α), x〉 , z = 〈p1(α), x〉
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and p0(α) ∈ R3, p1(α) ∈ C3 are two adjoint eigenvectors given by

JT (α)p0(α) = ν (α) p0(α) and JT (α)p1(α) = λ̄(α)p1(α) (3.66)

such that

〈p0(α), q0(α)〉 = 〈p1(α), q1(α)〉 = 1 and 〈p1(α), q0(α)〉 = 〈p0(α), q1(α)〉 = 0
(3.67)

for all ||α|| small enough. The vectors q0(α) and q1(α) are two eigenvectors
corresponding to the eigenvalues ν (α) and λ = µ(α) + iω(α), i.e.

J(α)q0(α) = ν (α) q0(α)

and
J(α)q1(α) = λ(α)q1(α).

We can write
x = uq0(α) + zq1(α) + z̄q̄1(α).

Here
Γ (α) = 〈p0(α), a (α)〉 ,Ω (α) = 〈p1(α), a (α)〉 (3.68)

are smooth functions of α with Γ (0) = Ω (0) = 0 and

g(u, z, z̄, α) = 〈p0(α), F (uq0(α) + zq1(α) + z̄q̄1(α), α)〉
h(u, z, z̄, α) = 〈p1(α), F (uq0(α) + zq1(α) + z̄q̄1(α), α)〉

are smooth functions of their variables whose Taylor expansions in u, z, z̄ start
with quadratic terms:

g(u, z, z̄, α) =
∑

j+k+l≥2
1

j!k!l!
gjkl(α)ujzkz̄l

h(u, z, z̄, α) =
∑

j+k+l≥2
1

j!k!l!
hjkl(α)ujzkz̄l.

Using the changes

v = u+ δ0 + δ1u+ δ2z + δ3z̄ +
1

2
V020z

2 +
1

2
V002z̄

2 + V110uz + V101uz̄

w = z + ∆0 + ∆1u+ ∆2z + ∆3z̄ +
1

2
W200u

2 +
1

2
W020z

2 (3.69)

+
1

2
W002z̄

2 +W101uz̄ +W011zz̄

where δi (α) ,∆i (α) are smooth functions, δi (0) = ∆i (0) = 0, i = 0, 1, 2, 3, the
system (3.65) can be further brought to the so-called Poincaré normal form. More
exactly, the following theorem is reported in [59].
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Theorem 3.4.1. If (G.1) g200 (0) 6= 0, then there exists a locally defined smooth,
invertible variable transformation of the form (3.69), smoothly depending on the
parameters, that for ||α|| small enough brings the system (3.65) in the form

v̇ = γ(α) +
1

2
G200(α)v2 +G011(α)|w|2 +

1

6
G300(α)v3

+G111(α)v|w|2 +O
(
||(v, w, w̄)||4

)
(3.70)

ẇ = R (α)w +H110(α)vw +
1

2
H210(α)v2w +

1

2
H021(α)w|w|2 +O

(
||(v, w, w̄)||4

)
where v ∈ R, w ∈ C and γ (α) , Gjkl (α) are real-valued smooth functions while
R(α), Hjkl (α) are complex-valued smooth functions such that γ(0) = 0, R(0) =
iω0. Their expressions at α = 0 are given in the paper’s Appendix.

If in addition (G.2) G011 (0) 6= 0, the Poincaré form (3.70) can be further
reduced to (3.73) by means of time reparametrization

dt =
(
1 + e1 (α) v + e2 (α) |w|2

)
dτ (3.71)

and transformations

u = v + e4 (α) v +
1

2
e3 (α) v2 and z = w +K (α) vw (3.72)

where ei ∈ R, K ∈ C are smooth functions and e4 (0) = 0. More exactly, the
system (3.70) is locally smoothly orbitally equivalent near the origin to the system

u̇ = δ(α) +B(α)u2 + C(α)|z|2 +O(||u, z, z̄||4)
ż = Σ(α)z +D(α)uz + E(α)u2z +O(||u, z, z̄||4)

(3.73)

where u ∈ R, z ∈ C and δ(α), B (α) , C(α), E(α) are real-valued smooth functions
while Σ(α), D(α) are complex-valued smooth functions (given in the Appendix for
α = 0) such that δ(0) = 0,Σ(0) = iω0.

Finally, if (G.3) E (0) 6= 0 is satisfied, using the linear scaling

u =
B (α)

E (α)
ξ,

z =
B3 (α)

C (α)E2 (α)
ζ
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and the time-reparametrization, t = E(α)
B2(α)

τ, the system (3.73) leads to the normal
form:

ξ̇ = β1(α) + ξ2 + s|ζ|2 +O(||
(
ξ, ζ, ζ̄

)
||4)

ζ̇ = (β2(α) + iω1(α))ζ + (θ(α) + iω2(α))ξζ + ξ2ζ +O(||
(
ξ, ζ, ζ̄

)
||4)

(3.74)

where s = sign [B(0)C(0)] = ±1 and

β1(α) =
E2(α)

B3(α)
δ(α), β2(α) =

E(α)

B2(α)
Re(Σ(α)), (3.75)

θ(α) + iω2(α) =
D(α)

B(α)
, ω1(α) =

E(α)

B2(α)
Im(Σ(α)),

with ||
(
ξ, ζ, ζ̄

)
||4 = (ξ2 + |ζ|2)

2
. Given two more generic conditions

(G.4) ”θ0 = θ (0) 6= 0” and (G.5) ”the map α 7−→ (β1 (α) , β2 (α)) is regular at
α = 0,” the form (3.74) leads to the truncated normal form

ξ̇ = β1 + ξ2 + sr2

ṙ = r (β2 + θ (α) ξ + ξ2)
ϕ̇ = ω1 + ω2ξ

. (3.76)

In [131] we studied mainly the dynamics of the system (3.74) when a(α) ≡ 0
for all α ∈ R2.

Dealing with normal forms. The regularity of the maps

α 7−→ (β1 (α) , β2 (α)) and α 7−→ (γ (α) , µ (α))

at α = 0 is equivalent (see [59]). However, to check the regularity of either of the
maps in particular models is not a simple exercise as we can see from the next
example.

Example 1. Consider the 3D differential system

ẋ = α1 − x− y − z, ẏ = x+ ny + bxy, ż = α2 + bx− cz, (3.77)

where b = − 1
n

(
α1 + α2 − nα1 + (n− 1)2) and c = n − 1 − α1, with n 6= 0 and

b 6= 0. When α1 = α2 = 0, O(0, 0, 0) is the unique equilibrium point of the system
and has the eigenvalues 0 and ±iω0, ω0 > 0, where

ω0 =

√
1− n
n

(n2 + n− 1)
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for all n ∈ I =
(
−1

2

√
5− 1

2
, 0
)
∪
(

1
2

√
5− 1

2
, 1
)
. Hence, if n ∈ I the system

(3.77) undergoes fold-Hopf bifurcations, degenerate or not. The expressions of
β1 (α) , β2 (α) and γ (α) in terms of the parameters of the system (3.77) cannot be
obtained directly from some known formulas. Hence, (G5) for the system (3.77)
(and other similar models) cannot be easily verified. In [131] we filled firstly this
gap and obtained a result concerning this problem which is given in the next
theorem. We do not write its proof here.

Theorem 3.4.2. The terms γ (α) and R (α) in (3.70) are given by

γ = Γ + Ωδ2 + Ω̄δ3 + Γδ1 −
1

6
G300δ

3
0 −

1

2
G200δ

2
0 −G111∆0∆̄0δ0 −G011∆0∆̄0

=
∂Γ (0)

∂α1

α1 +
∂Γ (0)

∂α2

α2 +O (α1, α2)2 , (3.78)

respectively,

R = λ−H110
δ0

∆2 + 1
+

1

∆2 + 1

(
ΩW020 + Ω̄W011

)
−H110

∆0δ2 + δ0∆2

∆2 + 1
(3.79)

−1

2
H021

∆0

(
∆̄3∆0 + 2∆̄0 (∆2 + 1)

)
∆2 + 1

− 1

2
H210

δ0 ((∆2 + 1) δ0 + 2∆0δ2)

∆2 + 1
,

where all terms are evaluated at α.
The expressions of δ(α) and Σ(α) in (3.73) are given by

δ(α) = γ (α) (1 + e4 (α))

=
∂Γ (0)

∂α1

α1 +
∂Γ (0)

∂α2

α2 +O (α1, α2)2 , (3.80)

respectively,

Σ(α) = R (α) + γ (α)K (α) (3.81)

= a1
1α1 + a1

2α2 +O (α1, α2)2 ,

where, for i = 1, 2,

a1
i =

∂λ (0)

∂αi
−H110 (0) ci +

∂Ω (0)

∂αi
W020 (0) +

∂Ω̄ (0)

∂αi
W011 (0) +

∂Γ (0)

∂αi
K (0) ,

ci =
∂Ω (0)

∂αi

V110 (0)

G200 (0)
+
∂Ω̄ (0)

∂αi

V101 (0)

G200 (0)
+
∂ν (0)

∂αi

1

G200 (0)
. (3.82)
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By O(α1, α2)2 we denote all terms in a Taylor expansion starting with quadratic
terms, namely

O (α1, α2)2 = c20α
2
1 + c11α1α2 + c02α

2
2 + ...

Corollary 3.4.1. Denote by a (α) = (a1 (α) , a2 (α) , a3 (α)) . If

∂ai
∂αj

(0) = 0

for all i = 1, 2, 3 and j = 1, 2, that is, the linear part of a (α) is zero, then the
system (3.63) undergoes degenerate fold-Hopf bifurcations with respect to (G5).

We apply now the result of the theorem in the above example.

Remark 3.4.1. (Example 1, continuation) Based on the result of Theorem 3.4.2,
we can now study easier the regularity of the map

α −→ (γ(α), µ(α))

for which we need only to determine the linear terms of Γ(α) and µ(α). Consider
the above Example 1. The Jacobian matrix J(α) has the characteristic polynomial

P (λ) = λ3 − λ2α1 − λ
1

n

(
n3 − 2n+ 1− α1n

2 + α1 + α2

)
+ α2. (3.83)

For n ∈ I the eigenvalues of J(α) at α = 0 are 0 and ±iω0, respectively, when α
lies in a sufficiently small neighborhood V0 of α = (0, 0) they are of the form

λ1 = ν(α), λ = µ(α) + iω(α), λ̄ = µ(α)− iω(α)

for all α ∈ V0, such that ν(0) = µ(0) = 0 and ω(0) = ω0 > 0. Using the
implicit function theorem we can find the linear approximations of these eigen-
values. Indeed, from (3.83) we get ν = ν (α1, α2) , respectively, λ = λ (α1, α2) for
all α = (α1, α2) ∈ V0, given by

ν(α) = − 1

ω2
0

α2 +O1 (α1, α2)2 , (3.84)

respectively,

λ =
1

2
α1 +

1

2ω2
0

α2 + i
(n2 − 1)α1 − α2

2nω0

+O1 (α1, α2)2 + iO2 (α1, α2)2 . (3.85)
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Two eigenvectors q0 (0) and q1 (0) corresponding to the eigenvalues ν(α) and
µ(α) + iω(α) at α = 0, respectively, two adjoint eigenvectors p0 (0) and p1 (0)
satisfying (3.66) and (3.67) are:

q0 (0) =

 −n
1

n− 1

 , q1 (0) =

 n (2n− 1)
−n3 − iω0n

2

n (n− 1)2 − inω0 (n− 1)

 ,

respectively,

p0 (0) =
−1

n2 + n− 1

 n
1
−n
n−1

 , p1 (0) =
n− 1− iω0

2n (2n− 1)ω2
0

 n+ iω0

1
n+ i nω0

n−1
+ 1

 .

Since a(α) corresponding to the system (3.77) is a(α) = (α1, 0, α2), we need
only p0(0) in order to calculate the linear term of Γ(α) = 〈p0(α), a(α)〉 because
we know a(0) = (0, 0, 0). Hence, we have

Γ(α) =
−n

n2 + n− 1
α1 +

n

(n2 + n− 1) (n− 1)
α2 +O(α1, α2)2. (3.86)

Since µ(α) = 1
2
α1 + 1

2ω2
0
α2 +O(α1, α2)2 we can calculate now the determinant∣∣∣∣∣ ∂Γ(0)
∂α1

∂Γ(0)
∂α2

∂µ(0)
∂α1

∂µ(0)
∂α2

∣∣∣∣∣ = − n (n+ 1)

2 (n2 + n− 1)2 6= 0,

for all n ∈ I, n 6= −1. It follows that the maps α 7−→ (β1 (α) , β2 (α)) and
α 7−→ (γ (α) , µ (α)) are regular at α = 0 for all n ∈ I, n 6= −1, and non-regular
at n = −1, which, in turn, imply that the generic condition (G5) is non-degenerate
for the system (3.77) when n ∈ I, n 6= −1, and degenerate when n = −1. Hence,
n = −1 is a bifurcation value and we expect the system to have different behaviors
when n crosses −1.

The next proposition we obtained is useful to understand the results to follow.

Proposition 3.4.1. Consider an expression of the form

F (α1, α2) = c1α
2
1 (1 +O (α1, α2))+c2α1α2 (1 +O (α1, α2))+c3α

2
2 (1 +O (α1, α2))

(3.87)
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where c2
1 + c2

2 + c2
3 6= 0 and O (α1, α2)→ 0 as (α1, α2)→ (0, 0) . Then

F (α1, α2) > 0 if c1α
2
1 + c2α1α2 + c3α

2
2 > 0,

respectively,
F (α1, α2) < 0 if c1α

2
1 + c2α1α2 + c3α

2
2 < 0

for all ||α|| small enough. O(α1, α2) denotes all terms in a Taylor series starting
with the linear terms.

Assume in the following a(α) ≡ 0 at all α ∈ R2. The following results will show
that the system’s dynamics in the two cases (i.e. when a(α) 6= 0 and a(α) ≡ 0)
are independent on each other and must be treated separately. The next theorem
is the first proof of this statement. Denote by bi = ∂ν(0)

∂αi
, i = 1, 2, the coefficients

of the linear part of the real eigenvalue

ν (α) = b1α1 + b2α2 +O (α1, α2)2 .

Assume further that b2
1 + b2

2 6= 0.

Theorem 3.4.3. If a(α) ≡ 0 for all α ∈ R2 in (3.64) then the normal form (3.76)
has at least two equilibrium points for all ||α|| small enough, excepting eventual
on the line b1α1 +b2α2 = 0, and undergoes a degenerate fold-Hopf bifurcation with
respect to the parameters. Moreover,

β1(α) = − 4E2(0)

G4
200 (0)

(b1α1 + b2α2)2 +O (α1, α2)3 (3.88)

and

β2(α) =
4E(0)

G2
200(0)

Re(a1
1α1 + a1

2α2) +O (α1, α2)2 (3.89)

where

a1
i =

∂µ (0)

∂αi
− ∂ν (0)

∂αi

H110 (0)

G200 (0)
, i = 1, 2.

Remark 3.4.2. Based on Proposition 3.4.1 we notice that β1 (α) < 0 for all
||α|| =

√
α2

1 + α2
2 small enough and b1α1 + b2α2 6= 0. This is a new property

which does not exist in the non-degenerate framework and will have an important
role in the system’s behavior. It arises from a (α) ≡ 0. Because of this property,
the system under study (3.76) has always at least two equilibria for all ‖α‖ 6= 0
small enough (excepting eventual on the line b1α1 + b2α2 = 0 ) which is not the
case in the non-degenerate framework, when the system can have zero, one, two
or three equilibria for ‖α‖ small enough.
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Remark 3.4.3. a) The cases b2
1 + b2

2 = 0 and/or a2
1 + a2

2 = 0 are more involved
and we do not treat them here.

b) From Proposition 3.4.1, we have that β2(α) > 0 if E(0)(a1α1 + a2α2) > 0,
respectively, β2(α) < 0 if E(0)(a1α1 + a2α2) < 0.

Two bifurcation curves in the parametric space α1, α2 arise from the Theorem
3.4.3, namely:

d : b1α1 + b2α2 = 0 and D : a1α1 + a2α2 = 0

for ‖α‖ small, where a1 = Re (a1
1) and a2 = Re (a1

2) , provided that a2
1 + a2

2 6= 0
and b2

1 + b2
2 6= 0.

Disregarding the higher order terms in (3.88) and (3.89) we write shortly

d : β1(α) = 0 and D : β2(α) = 0,

that is, the curve d is obtained from β1(α) = 0 and D from β2(α) = 0.
We will proceed now to the analysis of the 3D system (3.76) in which β1 =

β1(α) and β2 = β2(α) are two functions depending on α. The first two equations
in (3.76) are independent on the third one, which describes a rotation around the
ξ-axis. For ||ξ|| small enough ϕ̇ ≈ ω1 (α) . As explained in [59], we can reduce
the study of the 3D system (3.76) to the study of a 2D system using the first two
equations from (3.76):

ξ̇ = β1 (α) + ξ2 + sr2

ṙ = r (β2 (α) + θ (α) ξ + ξ2)
(3.90)

Let us give now some results of this 2D system. Since β1 (α) ≤ 0 the system
(3.90) can have up to four equilibria:

A1

(√
−β1 (α), 0

)
and A2

(
−
√
−β1 (α), 0

)
lying on the ξ−axis and corresponding to r = 0, respectively,

A3 = (ξ3 (α) , r3 (α)) and A4 = (ξ4 (α) , r4 (α)) ,

where

ξ3 (α) = −1

2
θ (α)− 1

2

√
θ2 (α)− 4β2 (α), ξ4 (α) = −1

2
θ (α) +

1

2

√
θ2 (α)− 4β2 (α)
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and r3,4 (α) =
√
−s
(
β1 (α) + ξ2

3,4 (α)
)
> 0 whenever −s

(
β1 (α) + ξ2

3,4 (α)
)
> 0,

corresponding to r 6= 0. The Taylor expansions of ξ3 and ξ4 for θ0 = θ (0) < 0
lead to:

ξ3 = g1α1 + g2α2 +O (α1, α2)2 and ξ4 = −θ0 +O (α1, α2) , (3.91)

respectively, for θ0 = θ (0) > 0,

ξ3 = −θ0 +O (α1, α2) and ξ4 = g1α1 + g2α2 +O (α1, α2)2

where

gi = − 1

θ0

∂β2 (0)

∂α1

= − 1

θ0

E (0)

B2 (0)
ai, i = 1, 2.

Hence, only A3 or A4 lies in a small neighborhood of the origin for ||α|| small
enough and only this one will be studied further. Call the one to be studied the
third equilibrium point of the system and denote it generically by A3 = (ξ3, r3) .
It is clear that ξ3 (0) = r3 (0) = 0.

Proposition 3.4.2. A new bifurcation curve h in the parametric space arises
from the expression of β1 + ξ2

3 , which reduces to two lines h = h1 ∪ h2, given for
||α|| small enough by

h1 : α2 = h0α1 and h2 : α2 = h′0α1

where h0 = −2a1+θ0b1
2a2+θ0b2

and h′0 = −2a1−θ0b1
2a2−θ0b2 . The lines h1 and h2 coincide when

h0 = h′0. The third equilibrium A3 is born or dies when α crosses the lines h1, h2.
The expression of β1 + ξ2

3 is given by

β1 + ξ2
3 = h2α

2
2 + 2h3α1α2 + h1α

2
1 +O (α1, α2)3 , (3.92)

where

hi =
4

θ2
0

E2 (0)

G4
200 (0)

(
4a2

i − θ2
0b

2
i

)
, i = 1, 2 and h3 =

4

θ2
0

E2 (0)

G4
200 (0)

(
4a1a2 − θ2

0b1b2

)
.

We assume h2
1 + h2

2 + h2
3 6= 0.

The proof of this Proposition is based on the expression of β1 + ξ2
3 , which,

from (3.88) and (3.91), can be put in the form (3.92). Since the quadratic terms
of this expression lead to a quadratic equation which always has real roots, the
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two lines h1 and h2 follow from the two factors of the equation. Disregarding the
tailing terms in (3.92), we can say the curve h has the form

h : β1 + ξ2
3 = 0.

The following theorem classifies the equilibria A1,2. We use the short notation
{β1 + ξ2

3 < 0} in place of{
(α1, α2) ∈ R2; β1 (α) + ξ2

3 (α) < 0
}
.

Theorem 3.4.4. Suppose A1 and A2 are the equilibria of (3.90) lying on the
ξ−axis. Then:

a) A1, A2 are (unstable, stable) nodes if θ0 > 0 and (α1, α2) ∈ {β1 + ξ2
3 < 0} ;

b) A1, A2 are both saddles if θ0 < 0 and (α1, α2) ∈ {β1 + ξ2
3 < 0} ;

c) A1 is an unstable node and A2 a saddle if θ0 6= 0 and (α1, α2) ∈ {β1 + ξ2
3 > 0}∩

{β2 > 0} ;
d) A1 is a saddle and A2 a stable node if θ0 6= 0 and (α1, α2) ∈ {β1 + ξ2

3 > 0}∩
{β2 < 0} .

Its proof can be found in [131]. Concerning the third equilibrium A3 we
have the following results. The matrix J (α) at A3 has the eigenvalues

λ1,2 = ξ3 ±
√

∆,

where
∆ = ξ2

3 + 2s (2ξ3 + θ (α)) r2
3. (3.93)

In its lowest terms, ∆ expresses

∆ = k2α
2
2 + 2k3α1α2 + k1α

2
1 +O (α1, α2)3 (3.94)

where

ki =
8

θ2
0

E2 (0)

G4
200 (0)

(
θ3

0b
2
i + 2 (1− 2θ0) a2

i

)
, i = 1, 2,

respectively,

k3 =
8

θ2
0

E2 (0)

G4
200 (0)

(
b1b2θ

3
0 + 2a1a2 (1− 2θ0)

)
;

assume k2
1 + k2

2 + k2
3 6= 0. The algebraic expression of ∆ gives rise to a bifurcation

curve in the parametric α1, α2 space for ‖α‖ small enough and denote it by k.
More exactly, using the lowest terms in (3.94), we define a curve k by

k : k2α
2
2 + 2k3α1α2 + k1α

2
1 = 0.
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∆ may change its sign when (α1, α2) crosses k. On k its sign is positive or negative
depending on higher order terms and typically ∆ = 0 only at α = 0; k does not
coincide typically to the curve ξ3 = 0. We also use the notation

k : ∆ = 0.

Remark 3.4.4. The third equilibrium A3 is born when α = (α1, α2) crosses the
bifurcation curve h and its stability is determined when α crosses the curve k.

The following theorem characterizes the third equilibrium point.

Theorem 3.4.5. If A3 is the third equilibrium point of (3.90), then:
a) if sθ0 > 0, A3 is a saddle;
b) if sθ0 < 0, A3 is a focus on {∆ < 0} and a node on {∆ ≥ 0} ;
c) Both as a node and a focus, A3 is stable on (θ0 > 0, s = −1, β2 > 0) and

(θ0 < 0, s = +1, β2 < 0) , respectively, unstable on (θ0 > 0, s = −1, β2 < 0) and
(θ0 < 0, s = +1, β2 > 0) .

More details can be found in [131]. We will proceed in the following to present
five bifurcation diagrams. In these diagrams we use the generic phase portraits
displayed in Figs.3.12-3.13 with the following meanings: ”nn” and ”ss” mean
A1, A2 are (unstable/stable) nodes, respectively, saddles and are the single equi-
libria, ”sn” means A1 is a node, A2 a saddle and A3 does not exist, ”sns” stands
for A1 a saddle, A2 a node and A3 a saddle, ”snuf” is when A1 is a saddle, A2 a
node and A3 an unstable focus, ”ssc”, respectively, ”ssh”, correspond to A1, A2

saddles and the existence of the circle emerging from the Hopf bifurcation of the
2D system, respectively, the heteroclinic cycle emerging from the heteroclinic
connections in the 2D system, and so on. In these notations, the first letter is for
A1, the second for A2 and the last one or two letters (if appear) for A3, excepting
”ssc” and ”ssh”. Notice that A1 and A2 exist for all ‖α‖ small and when A1 is a
node it is unstable, respectively, when A2 is a node it is stable.

The bifurcation diagrams has been obtained for E (0) > 0, a2, b2 > 0, a1, b1 <
0, a1b2 − a2b1 < 0, b1α1 + b2α2 6= 0 and 2a2 ± θ0b2 > 0. Other conditions lead to
similar diagrams. A1, A2 exist for all ‖α‖ small enough in all these cases.

Case 1. θ0 > 0, s = +1. Then one can check that

0 < −b1

b2

< h0 < −
a1

a2

< h′0. (3.95)

Since sθ0 > 0, A3 is a saddle whenever it exists, namely on β1 + ξ2
3 < 0, and it

coexists with the nodes A1,2. The lines h1, h2 cross the quadrants 1 and 3 and
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Figure 3.12: Generic phase portraits of the 2D system (3.90).
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Figure 3.13: Generic phase portraits of the 2D system (3.90).

the curve D : β2 = 0 lies between them. The bifurcation diagram is given in Fig.
3.14 a).

Case 2. θ0 < 0, s = −1. In this case

0 < −b1

b2

< h′0 < −
a1

a2

< h0. (3.96)

A3 is a saddle and coexists on β1 + ξ2
3 > 0 with the node A1 and the saddle A2

on α2 > 0 or α1 < 0, respectively, with the saddle A1 and the node A2 on α2 < 0
or α1 > 0. Fig. 3.14 b) shows the bifurcation diagram.

Case 3. 0 < θ0 ≤ 1
2
, s = −1. A3 exists on β1 + ξ2

3 > 0 as a node because
∆ ≥ 0 for all ‖α‖ small, being stable on β2 > 0 respectively, unstable on β2 < 0.
A3 coexists with A1 and A2 as in the Case 2. The inequalities in (3.95) are valid
in this case. The bifurcation diagram is depicted in Fig. 3.15 a).

Case 4. θ0 >
1
2
, s = −1. A3 exists on β1 + ξ2

3 > 0 as a node if ∆ ≥ 0 or
a focus if ∆ < 0, being stable on β2 > 0, respectively, unstable on β2 < 0. A3

coexists with A1 and A2 as in the Case 2. Assume further θ3
0b

2
2− 4θ0a

2
2 + 2a2

2 > 0
and θ3

0b
2
1 − 4θ0a

2
1 + 2a2

1 < 0. Then one can show that
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Figure 3.14: Bifurcation diagrams for: a) θ0 > 0 and s = +1, (left); b) θ0 < 0
and s = −1 (right).

 

 

Figure 3.15: Bifurcation diagrams for: a) 0 < θ0 ≤ 1
2

and s = −1, (left); b)
θ0 >

1
2

and s = −1 (right). The generic portraits on the lines k1, k2 are the same
as in their neighborhood corresponding to A3 a node, namely ”nssn” for α1 < 0,
respectively, ”snun” for α1 > 0.
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k0 < 0 < −b1

b2

< k′0 < h0 < −
a1

a2

< h′0,

since

k′0 +
b1

b2

= − 1

b2

2 (2θ0 − 1) (a1b2 − a2b1)

θ2
0b2

√
2
θ0

(2θ0 − 1) + 2a2 (2θ0 − 1)
> 0

and

k0k
′
0 =

θ3
0b

2
1 − 4θ0a

2
1 + 2a2

1

θ3
0b

2
2 − 4θ0a2

2 + 2a2
2

< 0.

Since θ0β1 < 0 the curve H does not exist. More curves than in the previous
cases appear in the bifurcation diagram, Fig. 3.15 b).

Case 5. θ0 < 0, s = +1. A3 exists on β1 + ξ2
3 < 0 as a node if ∆ ≥ 0 or a

focus if ∆ < 0, along with the saddles A1,2. Assume now θ3
0b

2
i − 4θ0a

2
i + 2a2

i > 0,
i = 1, 2, and get

0 < −b1

b2

< h′0 < k0 < −
a1

a2

< k′0 < h0.

 

Figure 3.16: Bifurcation diagram for θ0 < 0 and s = +1. The generic portraits
on the lines k1, k2 are the same as in their neighborhood corresponding to A3 a
node, namely ”ssun” or ”sssn”.

Both as a node and a focus A3 is stable on β2 < 0, respectively, unstable on
β2 > 0. The Hopf bifurcation curve H arises in this case and because θ0β1 > 0
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for all ‖α‖ small, H coincides to D : {β2 = 0} . An unstable limit cycle T is
born through the Hopf bifurcation and T coexists with the stable focus A3 on
β2 < 0. Varying the parameter α the cycle T approaches the heteroclinic cycle on
D when its period tends to infinity and then disappears. The bifurcation diagram
is depicted in Fig.3.16.

Bifurcations in the 3D system. We want to describe now the correspond-
ing results for the 3D system. The method is described in [59]. The two equilibria
A1 and A2 in (3.90) are also equilibria in (3.76). Indeed, the 3D system (3.76) in
cartesian coordinates reads

ẋ = x (β2 + θz + z2)− y (ω1 + ω2z)
ẏ = x (ω1 + ω2z) + y (β2 + θz + z2)
ż = β1 + z2 + s (x2 + y2) .

(3.97)

It has two equilibria lying on the z−axis,

A1 =
(

0, 0,
√
−β1 (α)

)
and A2 =

(
0, 0,−

√
−β1 (α)

)
for β1 (α) ≤ 0. The eigenvalues of the Jacobian matrix β2 + θz + z2 − (ω1 + ω2z) x (θ + 2z)− yω2

ω1 + ω2z β2 + θz + z2 y (θ + 2z) + xω2

2sx 2sy 2z


are

2
√
−β1 and p+

2 = β2 + θ
√
−β1 − β1 ± i

(
ω1 +

√
−β1ω2

)
at A1,

respectively,

−2
√
−β1 and p−2 = β2 − θ

√
−β1 − β1 ± i

(
ω1 −

√
−β1ω2

)
at A2.

Remark 3.4.5. Since the real part of p+
2 coincides to λ+

2 , respectively, p−2 coin-
cides to λ−2 , the stability of A1 and A2 in the 3D system is adequately described
by their counterparts equilibria in the 2D system.

If one assumes in (3.97) β2 + θz + z2 = 0, which has the roots

z1,2 = −1

2
θ ± 1

2

√
θ2 − 4β2,
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then from the first two equations of (3.97) one gets

xẋ+ yẏ = 0

which leads to x2 + y2 = r2
0, for some r0 ∈ R. If in addition

β1 + z2 + s
(
x2 + y2

)
= 0,

i.e. ż = 0, we can find r1,2 =
√
−s
(
β1 + z2

1,2

)
, whenever −s

(
β1 + z2

1,2

)
≥ 0;

s2 = 1. These give rise to two limit cycles

x2 + y2 = r2
1,2

lying in the planes z = z1,2 of the phase space of the 3D system. Hence, as
expected, these two limit cycles in the 3D system correspond to the equilibria A3

and A4 in the 2D system, where z1 = ξ3, respectively, z2 = ξ4. Only one of them
lies in a sufficiently small neighbourhood of the origin and this is denoted further
by C. The circle C has the same stability as the point A3 of the 2D system.

On the other hand, the unstable limit cycle T born through Hopf bifurcation
around A3 in the 2D system gives rise to an invariant torus in the 3D system of
the same type as T, while the heteroclinic orbit linking A1 to A2 in the 2D system
and obtained when α crosses the bifurcation curve D corresponds a sphere in the
3D system.

Figs. 3.17-3.18 show the main phase portraits of the 3D system corresponding
to Figs. 3.12-3.13 of the 2D system. We obtained these pictures by integrating
the 3D system (3.97) for various initial conditions and values of the parameters.
In all these pictures we used ω1 = 0.1 and ω2 = −0.1. We kept the same notations
as for the 2D system: ”nn”, ”ss”, ”sns”, ”snuf” and others; ”ssc”, respectively,
”ssh”, correspond to A1, A2 saddles and the existence of the torus emerging from
the Hopf bifurcation of the 2D system, respectively, the sphere emerging from
the heteroclinic connection in the 2D system.
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Figure 3.17: Generic phase portraits of the 3D system. In all cases ω1 = 0.1 and
ω2 = −0.1 The other numeric values are as follows: ”nn” β1 = −0.5, β2 = −0.001,
s = −1, θ0 = 1; ”sn” β1 = −0.01, β2 = −0.2, s = 1, θ0 = 1; ”ss” β1 = −0.12, β2 =
−0.14, s = −1, θ0 = −1; ”sns” β1 = −0.01, β2 = −0.24, s = −1, θ0 = −1, ”snuf”
β1 = −0.01, β2 = −0.24, s = −1, θ0 = 1; ”sssn” β1 = −0.01, β2 = −0.1, s = 1,
θ0 = −1.
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Figure 3.18: Generic phase portraits of the 3D system. In all cases ω1 = 0.1 and
ω2 = −0.1 The other numeric values are as follows: ”ssuf” β1 = −0.01, β2 = 0.02,
s = 1, θ0 = −1; ”ssc” β1 = −0.01, β2 = −0.002, s = 1, θ0 = −1; ”ssh”
β1 = −0.01, β2 = −0.0028, s = 1, θ0 = −1 and ”nns” β1 = −0.01, β2 = −0.011,
s = 1, θ0 = 1.
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Chapter 4

Future plans for career
development

My future plans for career development have two main directions: teaching and
research. I want to build further upon my experience of about 20 years in teaching
and research in academic environments both in Romania and in other worldwide
prestigious universities.

4.1 Plans for teaching

For teaching, I plan to:
1. continue my teaching activities in Mathematics to university students, espe-
cially from the Politehnica University Timisoara; the students may be undergrad-
uate, master or doctoral students;
2. publish textbooks and other teaching materials for students to support them
with more materials for their learning process;
3. support the students in their learning process with additional teaching hours
(office time);
4. participate in symposiums, workshops and other actions designed to exchange
experience in teaching with other colleagues from Romania or worldwide;
5. invite other professors from abroad in exchange programs such as Erasmus to
teach courses to our students;
6. participate in exchange programs and teach courses to students from other
universities, from Romania or other countries;
7. contribute to the organization of various competitions for students at local
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and national level;
8. participate to various committees related to teaching and students;
9. participate to committees formed for employing new professors in the univer-
sity;
10. supervise master and doctoral students;
11. involvement in actions establishing the curricula in Mathematics for students;
12. involvement in the organization of master and doctoral studies in the univer-
sity;
13. elaborate research proposals for master and doctoral thesis;
14. participate in other teaching-related activities in the university;
15. contribute to the university library with my published textbooks and other
materials from my field of research as fully free resources for students and other
readers.

4.2 Plans for scientific research

In terms of scientific research I have the following plans:
1. continue exploring research themes in Mathematics, especially related to Dy-
namical Systems Theory;
2. maintain the present collaborations I have with other national and interna-
tional researchers and extend my scientific interactions to other new collaborators
working in my research-related fields;
3. participation to research stages at other international universities, research
institutes or companies;
4. publish research articles in international journals;
5. participation in conferences, workshops and seminars for disseminating my
research results or as a listener;
6. elaborate research projects and submit them to various national or interna-
tional competitions for funding, such as Horizon 2020, Structural Funds and the
Romanian Ministry of Research funds;
7. organize consortia for participation in competitions of projects;
8. coordinate research teams for performing research activities on specific topics
from my field of research;
9. collaborate with private companies for developing innovative products;
10. supporting the doctoral school in Mathematics from the university;
11. continue the activity as a scientific referent to various journals related to my
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field of research;
12. extend my fields of research to applications of dynamical systems in Biology,
Medicine (especially in Neuroscience) and Engineering;
13. organization of conferences, workshops, seminars, summer schools and other
similar actions in my field of research.

In the following I want to describe briefly three directions of research I plan
to develop in the following years.

4.2.1 Contributions to understanding degenerate fold-Hopf
bifurcations

I started to study degenerate fold-Hopf bifurcations in differential systems of the
form

ẋ = f(x, α), (4.1)

with f smooth, x ∈ R3, α ∈ R2, and the first results I obtained on this topic have
been recently published in [131]. There is still a lot of work in this field of research
and many open problems wait for to be explored. For example, in [131] I studied
the fold-Hopf bifurcation in (4.1) and showed that when f(0, α) has its linear part
identically zero for all α lying in a small neighborhood V0 of 0 in the parametric
space, the bifurcation becomes degenerate with respect to G5. This implies that
the qualitative behavior of the system (4.1) when α ∈ V0 is not known in general
and no results exist in the literature to tell us how the system behaves in this
case, for example, how many period orbits may appear when α varies in V0. To my
knowledge, no general results are known concerning the behavior of a dynamical
system of type (4.1) when this undergoes a degenerate fold-Hopf bifurcation. The
degeneracy arises when one or more of the five known generic conditions G1–G5
(described above in section 3.4) are not satisfied anymore. The generic conditions
arise from the constraints which must be imposed in order to obtain a normal
form to the initial system (4.1). A normal form has been obtained in the following
way. When G1–G3 are satisfied, (4.1) leads to the system

ξ̇ = β1(α) + ξ2 + s|ζ|2 +O(||
(
ξ, ζ, ζ̄

)
||4)

ζ̇ = (β2(α) + iω1(α))ζ + (θ(α) + iω2(α))ξζ + ξ2ζ +O(||
(
ξ, ζ, ζ̄

)
||4)

(4.2)
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where s = sign [B(0)C(0)] = ±1 and

β1(α) =
E2(α)

B3(α)
δ(α), β2(α) =

E(α)

B2(α)
Re(Σ(α)), (4.3)

θ(α) + iω2(α) =
D(α)

B(α)
, ω1(α) =

E(α)

B2(α)
Im(Σ(α)).

If two more generic conditions are satisfied, namely (G.4) ”θ0 = θ (0) 6= 0”
and (G.5) ”the map α 7−→ (β1 (α) , β2 (α)) is regular at α = 0,” from (4.2) the
following normal form can be obtained

ξ̇ = β1 + ξ2 + sr2

ṙ = r (β2 + θ (α) ξ + ξ2)
ϕ̇ = ω1 + ω2ξ

. (4.4)

When any of the five generic conditions G1–G5 is not satisfied, the normal
form (4.4) ceases to exist. The behavior of differential systems of dimension
three or more is not known when the parameters of the systems lie in a small
neighborhood of the degenerate fold-Hopf bifurcation value. The problem studied
here is of local type, that is, we are interested in the behavior of the system only
when the parameter varies in a sufficiently small neighborhood of the bifurcation
value. Each non-valid generic condition of the five G1–G5, increases the initial
codimension of this bifurcation by at least 1. For example, if G1 is not satisfied
anymore but the other four G2–G5 remain valid, the emerging degenerate fold-
Hopf bifurcation is of codimension 3, while if both G1 and G2 are not valid (but
the other three are valid), the codimension becomes 4. It is widely known that the
analysis of a bifurcation becomes more and more complicate as the codimension
increases beyond 2. Even codimension 3 bifurcations are not known in general and
their study require a complex analysis and often laborious computations. I want
to continue exploring the behavior of the differential system (4.1) in a degenerate
framework. Firstly, I aim to remove the generic conditions G1–G5 one by one at
once and study the consequences induced by these removals on the existence of
the normal forms. In general, the existing normal forms cease to exist in the new
degenerate frameworks and new normal forms should be obtained. Determining a
new normal form in the new degenerate frameworks is a hard challenge. Secondly,
I want to remove two by two at once generic conditions and so one. The new
degenerate frameworks require new approaches to determine new normal forms.
Hence, here is a lot of work and a large scientific field waits for to be explored.
Several doctoral thesis could be written on this field of research.
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I started also to study degenerate fold-Hopf bifurcations in a particular Rössler–
type system of the form

ẋ = −y − z, ẏ = x+ ay, ż = −cz + byz, (4.5)

where a, b, c are real parameters and b 6= 0 by using the averaging theory. Other
applications of the averaging theory can be found in [16, 40, 70, 137]. I briefly
present in the following the results I obtained so far on this system. I intend
to continue the study of this system in the future. The proofs of the theorems
are omitted here. The equilibria of (4.5) are O(0, 0, 0) and A(−ac/b, c/b,−c/b)
because b 6= 0. The points O and A coincide at c = 0 when their eigenvalues are
0 and a/2± iω, where ω =

√
4− a2/2 whenever −2 < a < 2. Hence, the system

(4.5) may undergo a fold–Hopf bifurcation at a = 0, when the eigenvalues are
0,±i.

Denote further by α = (a, c) . Writing (4.5) in form (3.64), one can determine
the eigenvectors of the Jacobian matrix J (α) of system (4.5) at O for all α.
Indeed, the eigenvalues of J (α) are λ1 = −c, respectively λ± = a/2 ± iω, with
the corresponding eigenvectors

q0 =


a+ c

c2 + ac+ 1

− 1

c2 + ac+ 1

1

 , q± =


−1

2
a± iω

1

0

 .

The adjoint eigenvectors p0 (α) and p± (α) are

p0 =

 0

0

1

 , p± = − 1

4ω2 ∓ 2iaω


−a∓ 2iω

−2

2
a± 2iω

a+ 2c∓ 2iω

 .

Using the transformation

u = 〈p0(α), X〉 , v = 〈p1(α), X〉 ,

where X =
(
x y z

)T
, the system (4.5) becomes

u̇ = −cu− b

1 + ac+ c2
u2 + buv + buv̄,

v̇ =

(
1

2
a+ iω

)
v +

b

4

2ω + (a+ 2c) i

ω (1 + ac+ c2)

(
− 1

1 + ac+ c2
u2 + uv + uv̄

)
.

(4.6)
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At α = (0, 0) I obtained the coefficients B (0) = −b 6= 0, D(0) = b/2 and
G011 (0) = 0. Hence, the fold–Hopf bifurcation of system the (4.5) is degenerate
with respect to (G.2) G011 (0) 6= 0 which implies that the classical theory for
studying the fold-Hopf bifurcation is useless. At this point we tried to apply the
averaging theory as in [69] and this proved to be successfully. To our needs, we
used the following theorem [133].

Consider the differential system

ẋ = εF (t, x) + ε2G(t, x, ε), (4.7)

with x ∈ D, where D is an open subset of Rn, t ≥ 0. We suppose that both
F (t, x) and G(t, x, ε) are T−periodic in t. We define the averaged function

f(x) =
1

T

∫ T

0

F (t, x)dt. (4.8)

Theorem 4.2.1. Assume that

(i) F , its Jacobian ∂F/∂x, its Hessian ∂2F/∂x2, G and its Jacobian ∂G/∂x are
defined, continuous and bounded by a constant independent of ε in [0,∞)×D
and ε ∈ (0, ε0].

(ii) F and G are T−periodic in t (T independent of ε).

Then the following statements hold.

(a) If p is a zero of the averaged function f(x) and

det

(
∂f

∂x

)∣∣∣∣
x=p

6= 0, (4.9)

then there exists a T−periodic solution x(t, ε) of equation (4.7) such that
x(0, ε)→ p as ε→ 0.

(b) If all the eigenvalues of the Jacobian matrix (∂f/∂x) have negative real part,
then the periodic solution x(t, ε) is asymptotically stable. If some of these
eigenvalues have positive real parts, this periodic orbit is unstable.

The results we obtained so far are the following two theorems.
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Theorem 4.2.2. Let (a, c) = (εα, εγ), b 6= 0 and ε a sufficiently small parameter.
If (α − γ)γ 6= 0, then the Rössler–type system (4.5) has a fold–Hopf bifurcation
at the equilibrium point localized at the origin of coordinates when ε = 0, and a
periodic orbit (x(t, ε), y(t, ε), z(t, ε)) borns at this equilibrium for ε > 0 sufficiently
small satisfying

(x(0, ε), y(0, ε), z(0, ε)) =
(

0,
εγ

b
,
εγ

b

)
+O(ε2).

Moreover, this periodic solution is asymptotically stable if α − γ < 0 and γ < 0,
otherwise it is unstable.

Theorem 4.2.3. Let c = a < 0 and b 6= 0, then the Rössler–type system (4.5)
has a Hopf bifurcation at the equilibrium point (−ac/b, c/b,−c/b), and a stable
periodic orbit borns at this equilibrium for a − c > 0 sufficiently small, which in

the normalized system to (4.5) is near a circle of radius
√

1
2(a2+1)

(a− c).

Remark 4.2.1. Our system undergoes a Hopf bifurcation at c = a ≤ 0, which,
at c = a = 0 becomes a degenerate fold–Hopf bifurcation.

4.2.2 The contributions of non-smooth dynamical sys-
tems to impact oscillators

Impact oscillators introduce in their study non-smooth dynamical systems due to
the existing barriers needed for impacts. The impacts may be plastic or elastic
but the motion is assumed not to cross the barriers. Outside the barriers the
motion is described by a smooth differential dynamical system of the form

ẍ = A(x, ẋ, t), (4.10)

where A is smooth on x > x0 and periodic in t. On an impact barrier the impacts
are assumed instantaneously, that is, no motion exists on the barrier surface. The
governing law on the barrier is assumed of the form

vs = −rvi, (4.11)

which says that the leaving velocity vs of an orbit after an impact with the barrier
depends only on the hitting velocity of the orbit and the material the barrier is
made of (the coefficient r). The relation (4.11) describes in fact the loss of energy
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due to impacts with the barrier. Applications of impact oscillators can be found
in many practical domains such as automotive industry (all kind of tools, cars and
machineries that produce vibrations in their use), particle accelerators and even
tokamaks (experimental devices for producing clean energy). A barrier changes
drastically the smooth motion of a model of form (4.10) and introduces a variety
of bifurcations in the model’s behavior. For example, particles in a tokamak are
accelerated at very high speeds and kept inside by strong magnetic fields but
a major problem appears when many particles hit the walls of the container.
This leads to cooling of the very hot plasma which, in turn, makes the energy
production inefficient. A problem started by Nordmark in [85] deals with impact
oscillators that have initially a periodic orbit which touches (grazes) the unique
barrier of the model with zero velocity and positive acceleration. Several results
have been reported on this topic but more open problems still wait for to be
approached. In particular, I am interested to explore a new topic here namely,
the case when the grazing periodic orbit becomes degenerate, in the sense that,
its acceleration at the grazing point is zero. Moreover, we may consider the
degeneracy of higher orders, in the sense that

dnA

dtn
|x=x0 = 0

for some n ≥ 2. The degeneracies introduce new bifurcations which encode up to
some extent the behavior of the model. A method often used for studying such
problems is based on a Poincaré–like approach, namely, one tracks the successive
intersections of a generic orbit to a surface from the phase space. Various surfaces
have been proposed in this regard including the surface on the barrier. As it
can be observed from [85] the barrier surface method leads to quite complicated
transformations needed to determine a normal form of the map. A more successful
approach used by several authors is based on the virtual points method. This is
the method that might be useful for our planned studies on topics from this field
of research.

4.2.3 Applications of dynamical systems in understanding
neuronal activities

Dynamical systems theory is actively involved in various bio-mathematical mod-
els which try to explain the motion of the ionic electrical currents in neuronal
complex networks. A combination of the dynamical systems theory with prac-
tical experiments on real biological neurons in laboratories led in the early 60’s
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to the discovery of action potentials (electrical impulses), which explain how the
electrical ionic current is formed in the neuron’s soma and transmitted further
through axon to dendrites which communicate further with other neurons. The
description of the formation of action potentials is based on a dynamical system
formed by four differential equations and is known in the literature as the fa-
mous Hodgkin–Huxley model. A Nobel prize in Physiology or Medicine has been
shared in 1963 by three scientists, two of them being A. L. Hodgkin and A. F.
Huxley. Since then many other bio-mathematical models have been proposed to
bring new insights on the behavior of electrical impulses in neurons and neuronal
circuitry. Many neurological diseases such as autism, epilepsy, plague sclerosis
and others could be better understood and finally cured by understanding better
how neurons work.

I started to study several topics in this field of research and one of them is
to obtain an improved model for the transmission of neuronal signals. Some of
the ideas outlined so far are as follow. Denote by R (x, y, t) the internal variable
electrical resistance function of a neuron segment P ( R is smooth and positive),
by i (x, t) the longitudinal current passing through a transversal section Sx at
time t and by U (x, t) the electrical potential at point x and time t.

The longitudinal current i (x, t) on a small segment P = [x, x+ h) × S, h >
0, h → 0, faces the internal resistance R (x, x+ h, t) and can be expressed by
Ohm’s law

i (x, t) = lim
h→0

U (x, t)− U (x+ h, t)

R (x, x+ h, t)
= − U ′x (x, t)

R′y (x, x, t)
, (4.12)

since the transversal currents (the currents entering or leaving the neuron through
the membrane) on P are disregarded at this step. On the other hand, the transver-
sal currents face membrane’s electrical resistance (not the internal resistance R)
and are obtained from other considerations. Denote further by j (x, t) the current
injected from exterior through the membrane at position x and time t. This cur-
rent can be seen as the current injected by synapses or apparatus and assume it
faces no electrical resistance to enter the interior of P ; we call it the synaptic cur-
rent. The total synaptic current injected on the whole length of P = [x, x+ h)×S
becomes in this case

I (x, x+ h, t) =

x+h∫
x

j (z, t) dz. (4.13)

Denote by im (x, t) the current escaping through the membrane at the point x
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and time t, namely through the membrane’s pores of the section Sx. This current
consists of two currents: a capacitive one ic (x, t) and a resistive one ir (x, t) .

I want to study further this research problem in the future and to obtain in
the end an improved model for signal transmission in neurons. Also, I aim to
study several phenomenological existing neuronal models (based on discrete or
differential dynamical systems) and to propose new others in order to produce
new insights of neuronal activity.
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